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The notion of a U-exact sequence is a generalization of the exact 

sequence. This paper introduces a rough U-exact sequence in a 

rough group in an approximation space. Furthermore, we provide 

the properties of the rough U-exact sequence in a rough group. 
  
 

 

 

INTRODUCTION 

In 1982, Zdzislaw Pawlak developed one of the mathematical techniques known as rough set 

theory (Pawlak, 1982). The fundamental concept of the rough set theory is an equivalence 

relation. The equivalence class is a partition used to determine universe subsets' lower and 

upper bounds. Assume U is a non-empty set, which we refer to as the universe set, and R is an 

equivalence relation on U. The pair (𝑈 𝑎𝑛𝑑 𝑅) represents an approximation space (Miao et 

al., 2005). If 𝑋 ⊆ 𝑈, the lower approximation of 𝑋, denoted by 𝑋, is a union of the 

equivalence class contained in 𝑋. The upper approximation of 𝑋, denoted by 𝑋̅, is a union of 

the equivalence class intersecting with 𝑋. If 𝑋̅ − 𝑋 ≠ ∅, then the set 𝑋 is a rough set. 

In 1997, Kuroki gave the idea of the ideal rough in semigroups (Kuroki, 1997). 

Furthermore, Miao et al. introduce the rough groups, rough subgroups, and their properties 

(Miao et al., 2005). Moreover, Davvaz and Mahdavipour investigate the rough module 

(Davvaz & Mahdavipour, 2006). Isaac and Neelima introduce the concept of rough ideals and 

their properties (Isaac & Neelima, 2013). Sinha and Prakash study the exact sequence of 

rough modules (Sinha, 2016). Furthermore, Jesmalar gives homomorphism and rough group 

isomorphism (Jesmalar, 2017). Besides that, Davvaz and Parnian-Garamaleky give a concept 

of the U-exact sequence of the R-module (Davvaz & Parnian-Garamaleky, 1999). Then, 

Fitriani et al. introduce the notion of a sub-exact sequence of R-modules (Fitriani et al., 2016). 

Elfiyanti et al. also give an Abelian property of the category of U-complexes, which is 

motivated by the U-exact sequence (Elfiyanti et al., 2016). Aminizadeh et al. (Aminizadeh et 

al., 2017) introduce an exact sequence of S-acts. Fitriani et al. also establish the notion of an 

X-sub-linearly independent module (Fitriani et al., 2017). They introduce a UV-generated 

module (Fitriani et al., 2018b). Furthermore, they established U-basis and U-free modules 

using the concept of a sub-exact sequence of modules (Fitriani et al., 2018a). Moreover, they 

define the rank of the UV-generated module (Fitriani et al., 2021). Then, they apply the sub-

exact sequences to determine the Noetherian property of the submodule of the generalized 

power series module (Faisol et al., 2021).  
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Furthermore, Setyaningsih et al. introduce the sub-exact sequence in the rough groups 

(Setyaningsih et al., 2021). Many researchers investigate the application of rough sets to 

algebraic structures, such as rough groups (Nugraha et al., 2022), the properties of rough 

groups (Wang & Chen, 2010), rough subgroups (Bağırmaz, 2019), rough rings and rough 

ideals (Agusfrianto et al., 2022), rough V-coexact sequence in the rough group (Hafifullah et 

al., 2022), roughness in quotient group (Mahmood, 2016), roughness in module (Davvaz & 

Mahdavipour, 2006), rough semi prime ideals (Neelima & Isaac, 2014), and roughness in the 

module by using the reference points (Davvaz & Malekzadeh, 2013). In this research, we 

introduce the U-exact sequence of the rough group and its properties.  

 

METHODS 

This study was based on literature searches on rough sets, upper and lower approximation 

space, rough groups, exact sequence, and U-exact sequence. First, we define the rough U-

exact sequence in an approximation space. Then we examine the properties of the rough 

group. In the following step, we use a finite set to construct an example of a U-exact sequence 

in a rough group. Finally, we examine the properties of the U-exact sequence in the rough 

group. 

 
Figure 1. Research stage diagram 

 

RESULTS AND DISCUSSION 

Motivated by the definitions of the U-exact sequence of the R-module (Davvaz & Parnian-

Garamaleky, 1999), we construct the definition of the rough U-exact sequence as follows. 

 

Definition 1. Let (𝑆, 𝜃) be an approximation space, and let 𝐾, 𝐿, 𝑎𝑛𝑑 𝑀 be the rough groups 

in (𝑆, 𝜃), and 𝑈 be the rough subgroup of 𝑀. A sequence  
 

𝐾
𝑓
→ 𝐿̅

𝑔
→ 𝑀̅ 

 

is called rough 𝑈-exact in 𝑀 if im (𝑓) = 𝑔−1(𝑈̅). 
 

Before investigating the properties of the rough U-exact sequence, we give the construction of 

a rough subgroup in an approximation space.  

 

Example 1. Let ℤ9 = {0̅, 1̅, 2̅, 3̅, 4̅, 5̅, 6̅, 7̅, 8̅} is a set of integers modulo 9 and +9 modulo 9 

summation operations. We already know that 〈ℤ9 𝑎𝑛𝑑 +9〉 is a group. Then, we define a 
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relation 𝑅 in ℤ9 as follows. For every 𝑎, 𝑏 ∈ ℤ9,  𝑎𝑅𝑏 if and only if 𝑎 − 𝑏 = 4𝑘, for some 𝑘 ∈

ℤ. From this equivalence relation, we have four equivalence classes as follows: 

𝐸1 = {1̅, 5̅}, 

𝐸2 = {2̅, 6̅}, 

𝐸3 = {3̅, 7̅}, 

𝐸4 = {0̅, 4̅, 8̅}. 

 

Next, we will construct three rough groups to form a rough U-exact sequence of rough 

groups. Let 𝑋1 = {0̅, 4̅, 5̅}. We obtain 𝑋1
̅̅ ̅ = 𝐸1 ∪ 𝐸4 = {0̅, 1̅, 4̅, 5̅, 8̅}. 

 

Table 1. Table Cayley on 𝑋1 

+9 0̅ 4̅ 5̅ 

0̅ 0̅ 4̅ 5̅ 

4̅ 4̅ 8̅ 0̅ 

5̅ 5̅ 0̅ 1̅ 

 

(1) Table 1 shows that for every 𝑥, 𝑦 ∈ 𝑋1, x (+9) y ∈ 𝑋1
̅̅ ̅; 

(2) association property holds in 𝑋1
̅̅ ̅; 

(3) there exists 0̅ ∈ 𝑋1
̅̅ ̅, such that for every 𝑥̅ ∈ 𝑋1

̅̅ ̅, 𝑥̅(+9)0̅ = 0̅(+9)𝑥̅ = 𝑥̅; 

(4) there exists 𝑥̅ ∈ 𝑋1, there exists 𝑦̅ ∈ 𝑋1 such that 𝑥̅(+9)𝑦̅ = 0̅ or 𝑦̅ = (𝑥̅)−1, that is 

     (0̅)−1 = 0̅  ∈ 𝑋1, (4̅)−1 = 5̅ ∈ 𝑋1, and (5̅)
−1

= 4̅ ∈ 𝑋1. 
 

Table 2. Rough Inverse Element on 𝑋1 

𝑥  The rough inverse of 𝑥 

0̅ 0̅ 

4̅ 5̅ 

5̅ 4̅ 

 

Based on Table 2, every element of 𝑋1 has a rough inverse in 𝑋1
̅̅ ̅. Hence, 𝑋1 is a rough group.  

 

Now, let 𝑋2 = {1̅, 3̅, 6̅, 8̅}. We get 𝑋2
̅̅ ̅ = E1 ∪ E2 ∪ E3 ∪ E4 = ℤ9. We will show that 𝑋2 is a 

rough group in an approximation space (ℤ9, 𝑅). 
 

Table 3. Table Cayley on 𝑋2 

+9 1̅ 3̅ 6̅ 8̅ 

1̅ 2̅ 4̅ 7̅ 0̅ 

3̅ 4̅ 6̅ 0̅ 2̅ 

6̅ 

8̅ 

7̅ 

0̅ 

0̅ 

2̅ 

3̅ 

5̅ 

5̅ 

7̅ 
 

(1) Table 3 shows that for every x, y ∈ 𝑋2, x (+9) y  ∈ 𝑋2
̅̅ ̅; 

(2) association property holds in 𝑋2
̅̅ ̅; 

(3) there exists 0̅ ∈ 𝑋2
̅̅ ̅, such that for every 𝑥̅ ∈ 𝑋2

̅̅ ̅, 𝑥̅(+9)0̅ = 0̅(+9)𝑥̅ = 𝑥̅; 

(4) for every 𝑥̅ ∈ 𝑋2, there exists 𝑦̅ ∈ 𝑋2, such that 𝑥̅(+9)𝑦̅ = 0̅ or 𝑦̅ = (𝑥̅)−1, that is 

     (1̅)−1 = 8̅ ∈ 𝑋2, (8̅)−1 = 1̅ ∈ 𝑋2, (3̅)−1 = 6̅ ∈ 𝑋2, and (6̅)−1 = 3̅ ∈ 𝑋2. 
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Table 4. Rough Inverse Element on 𝑋2 

𝑥  The rough inverse of 𝑥 

1̅ 8̅ 

3̅ 6̅ 

6̅ 3̅ 

8̅ 1̅ 

 

Table 4 shows that every element of 𝑋2 has a rough inverse in 𝑋2. Hence, 𝑋2 is a rough group. 

Let 𝑋3 = {1̅, 3̅, 4̅, 5̅, 6̅, 8̅}. We obtain 𝑋3
̅̅ ̅ = E1 ∪ E2 ∪ E3 ∪ E4 =ℤ9. 

 

Table 5. Table Cayley on 𝑋3 

+9 1̅ 3̅ 4̅ 5̅ 6̅ 8̅ 

1̅ 2̅ 4̅ 5̅ 6̅ 7̅ 0̅ 

3̅ 4̅ 6̅ 7̅ 8̅ 0̅ 2̅ 

4̅ 5̅ 7̅ 8̅ 0̅ 1̅ 3̅ 

5̅ 6̅ 8̅ 0̅ 1̅ 2̅ 4̅ 

6̅ 

8̅ 

7̅ 

0̅ 

0̅ 

2̅ 

1̅ 

3̅ 

2̅ 

4̅ 

3̅ 

5̅ 

5̅ 

7̅ 
 

(1) Table 5 shows that for every x, y ∈ 𝑋3, x (+9) y ∈ 𝑋3
̅̅ ̅; 

(2) association property holds in  𝑋3
̅̅ ̅;  

(3) there exists 0̅ ∈ 𝑋3
̅̅ ̅, such that for every 𝑥 ∈ 𝑋3

̅̅ ̅, 𝑥(+9)0̅ = 0̅(+9)𝑥 = 𝑥; 

(4) for every 𝑥 ∈ 𝑋3, there exists 𝑦 ∈ 𝑋3, such that 𝑥(+9)𝑦 = 0̅ or 𝑦 = 𝑥−1, that is  

     (1̅)−1 = 8̅ ∈ 𝑋3, (8̅)−1 = 1̅ ∈ 𝑋3, (3̅)−1 = 6̅ ∈ 𝑋3, (6̅)−1 = 3̅ ∈ 𝑋3, (4̅)−1 = 5̅ ∈ 𝑋3, and 

(5̅)
−1

= 4̅ ∈ 𝑋3. 

Table 6. Rough Inverse Element on 𝑋3 

𝑥  The rough inverse of 𝑥 

1̅ 8̅ 

3̅ 6̅ 

4̅ 5̅ 

5̅ 4̅ 

6̅ 3̅ 

8̅ 1̅ 

 

Based on Table 6, we have every element of 𝑋3 that has a rough inverse in 𝑋3. Hence, 𝑋3 is a 

rough group.  

Finally, we form a sequence  𝑋1
̅̅ ̅

𝑖
→ 𝑋2

̅̅ ̅
𝑖

→ 𝑋3
̅̅ ̅, with 𝑖 as an identity function. Then let 𝑈1 =

{4̅, 5̅}  ⊆ 𝑋3. We have 𝑈1
̅̅ ̅ = 𝐸1 ∪ 𝐸4 = {0̅, 1̅, 4̅, 5̅, 8̅} is a rough subgroup of 𝑋3. We have 

4̅(+9)5̅ = 0̅ ∈ 𝑈1
̅̅ ̅ and (4̅)−1 = 5̅ ∈ 𝑈1.   

We will show the sequence 𝑋1
̅̅ ̅

𝑖
→ 𝑋2

̅̅ ̅
𝑖

→ 𝑋3
̅̅ ̅ is a rough 𝑈1-exact in 𝑋3

̅̅ ̅. We have im (𝑓)  =

  {0̅, 1̅, 4̅, 5̅, 8̅} = 𝑔−1(𝑈1
̅̅ ̅). Hence the sequence  𝑋1

̅̅ ̅
𝑖

→ 𝑋2
̅̅ ̅

𝑖
→ 𝑋3

̅̅ ̅ is a rough  𝑈1-exact in 𝑋3
̅̅ ̅. 

 

Next, we will give the properties of the rough U-exact sequence of rough groups. 
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Proposition 1. Let (𝑉, 𝜃) be an approximation space, 𝐾 a rough group in V, and  𝑈1, 𝑈2,... 𝑈𝑛 

rough subgroup 𝐾. If 𝑈1
̅̅ ̅ ∩ 𝑈2

̅̅ ̅ ∩ … ∩ 𝑈𝑛
̅̅̅̅ = 𝑈1 ∩ 𝑈2 ∩ … 𝑈𝑛

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , then 𝑈1 ∩ 𝑈2 ∩ … 𝑈𝑛 is a rough 

subgroup 𝐾 in the approximation space (𝑉, 𝜃). 

 

Proof. Let (𝑉, 𝜃) be an approximation space, 𝐾 a rough group in V, and  𝑈1, 𝑈2,... 𝑈𝑛 rough 

subgroup 𝐾. We will prove that 𝑈1 ∩ 𝑈2 ∩ … ∩ 𝑈𝑛 is a rough subgroup of K.  

a. Since 𝑒 ∈ 𝑈𝑖̅, for every 𝑖 = 1, 2, . . , 𝑛, we have 𝑒 ∈ 𝑈1 ∩ 𝑈2 ∩ … ∩ 𝑈𝑛
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . Hence, 

𝑈1 ∩ 𝑈2 ∩ … ∩ 𝑈𝑛
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ≠ ∅. 

b. For every 𝑎, 𝑏 ∈ 𝑈1 ∩ 𝑈2 ∩ … ∩ 𝑈𝑛, we have 𝑎 − 𝑏 ∈ 𝑈𝑖̅, ∀𝑖 = 1,2, … , 𝑛. So 𝑎 − 𝑏 ∈

𝑈1
̅̅ ̅ ∩ 𝑈2

̅̅ ̅ ∩ … ∩ 𝑈𝑛
̅̅̅̅  . By hypothesis, 𝑈1

̅̅ ̅ ∩ 𝑈2
̅̅ ̅ ∩ … ∩ 𝑈𝑛

̅̅̅̅ = 𝑈1 ∩ 𝑈2 ∩ … 𝑈𝑛
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and hence 

𝑎 − 𝑏 ∈ 𝑈1 ∩ 𝑈2 ∩ … ∩ 𝑈𝑛
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .                           

So, 𝑈1 ∩ 𝑈2 ∩ … ∩ 𝑈𝑛 is a rough subgroup of K in the approximation space (𝑉, 𝜃).             ∎ 

 

Example 2. Let 𝑉 = {0̅, 1̅, 2̅, 3̅, 4̅, … , 49̅̅̅̅ }. We define a relation 𝑅 in 𝑉, where 𝑎𝑅𝑏 if and only 

if 𝑎 − 𝑏 = 6𝑘, for some 𝑘 ∈ ℤ and 𝑎 𝑏 ∈ 𝑉. It is easy to show that 𝑅 is an equivalence 

relation on 𝑉. From this equivalence relation, we have six equivalence classes as follows: 

𝐸1 = [1̅] = {1̅, 7̅, 13̅̅̅̅ , 19̅̅̅̅ , 25̅̅̅̅ , 31̅̅̅̅ , 37̅̅̅̅ , 43̅̅̅̅ , 49̅̅̅̅ }, 

𝐸2 = [2̅] = {2̅, 8̅, 14̅̅̅̅ , 20̅̅̅̅ , 26̅̅̅̅ , 32̅̅̅̅ , 38̅̅̅̅ , 44̅̅̅̅ }, 

𝐸3 = [3̅] = {3̅, 9̅, 15̅̅̅̅ , 21̅̅̅̅ , 27̅̅̅̅ , 33̅̅̅̅ , 39̅̅̅̅ , 45̅̅̅̅ }, 

𝐸4 = [4̅] = {4̅, 10̅̅̅̅ , 16̅̅̅̅ , 22̅̅̅̅ , 28̅̅̅̅ , 34̅̅̅̅ , 40̅̅̅̅ , 46̅̅̅̅ }, 

𝐸5 = [5̅] = {5̅, 11̅̅̅̅ , 17̅̅̅̅ , 23̅̅̅̅ , 29̅̅̅̅ , 35̅̅̅̅ , 41̅̅̅̅ , 47̅̅̅̅ }, 

𝐸6 = [6̅] = {0̅, 6̅, 12̅̅̅̅ , 18̅̅̅̅ , 24̅̅̅̅ , 30̅̅̅̅ , 36̅̅̅̅ , 42̅̅̅̅ , 48̅̅̅̅ }. 
 

Let 𝑌 = {2̅, 4̅, 5̅, 8̅, 10̅̅̅̅ , 14̅̅̅̅ , 15̅̅̅̅ , 16̅̅̅̅ , 20̅̅̅̅ , 22̅̅̅̅ , 23̅̅̅̅ , 25̅̅̅̅ , 27̅̅̅̅ , 28̅̅̅̅ , 30̅̅̅̅ , 34̅̅̅̅ , 35̅̅̅̅ , 36̅̅̅̅ , 40̅̅̅̅ , 42̅̅̅̅ , 45̅̅̅̅ , 46̅̅̅̅ , 48̅̅̅̅ } ⊆

𝑉.  
 

Therefore, the lower approximation and the upper approximation of 𝑌 are as follows: 

𝑌= 𝐸4 = {4̅, 10̅̅̅̅ , 16̅̅̅̅ , 22̅̅̅̅ , 28̅̅̅̅ , 34̅̅̅̅ , 40̅̅̅̅ , 46̅̅̅̅ }  

𝑌̅ = 𝐸1 ∪ 𝐸2 ∪ 𝐸3 ∪ 𝐸4 ∪ 𝐸5 ∪ 𝐸6 = 𝑉 

The rough set 𝑌 is the ordered pair of the lower approximation and the upper approximation 

written as 𝐴𝑝𝑟(𝑌) = ({4̅, 10̅̅̅̅ , 16̅̅̅̅ , 22̅̅̅̅ , 28̅̅̅̅ , 34̅̅̅̅ , 40̅̅̅̅ , 46̅̅̅̅ }, 𝑉). 
 

Next, we define the binary operation +50 on rough set 𝑌. We will show that 〈𝑌, +50〉 is a 

rough group.  

1. 𝑎+50𝑏 ∈ 𝑌̅, for every 𝑎, 𝑏 ∈ 𝑌. 

2. Association property holds in 𝑌̅, i.e., (𝑎+50𝑏)+50𝑐 = 𝑎+50(𝑏+50𝑐), for every 𝑎, 𝑏 ∈ 𝑌̅. 

3. There exists the rough identity element 0 ∈ 𝑌̅, such that for every 

 𝑦 ∈ 𝑌, 𝑦(+50)0 = 0(+50)𝑦 = 𝑦. 

4. For every 𝑦 ∈ 𝑌, there is a rough inverse element of 𝑦, i.e., 𝑦−1 ∈ 𝑌 such that 

𝑦+50𝑦−1 = 𝑦−1+50𝑦 = 0. 

Hence, 〈𝑌, +50〉 is a rough group on the approximation space (𝑆, 𝜃). 
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Next, let 𝐼 = {2̅, 4̅, 20̅̅̅̅ , 22̅̅̅̅ , 28̅̅̅̅ , 30̅̅̅̅ , 46̅̅̅̅ , 48̅̅̅̅ }. We have 𝐼 ̅ = 𝐸2 ∪ 𝐸4 ∪ 𝐸6. Since 𝐼 ⊆ 𝑌 and each 

element of 𝐼 have a rough inverse in 𝐼, then I is a rough subgroup of 𝑌. Now, let 𝐽 =

{2̅, 5̅, 23̅̅̅̅ , 27̅̅̅̅ , 45̅̅̅̅ , 48̅̅̅̅ } and 𝐽 ̅ = 𝐸2 ∪ 𝐸3 ∪ 𝐸5 ∪ 𝐸6. We will show that  𝐽 is a rough subgroup of 

𝑌. Since 𝐽 ⊆ 𝑌 and each element of 𝐽 has a rough inverse in 𝐽, then 𝐽 is a rough subgroup of  

𝑌. 

The two rough subgroups constructed in the previous section can be obtained. 

 𝐼 ∩ 𝐽 = {2̅, 48̅̅̅̅ } 

𝐼 ∩ 𝐽̅̅ ̅̅ ̅̅ = {0̅, 2̅, 6̅, 8̅, 12̅̅̅̅ , 14̅̅̅̅ , 18̅̅̅̅ , 20̅̅̅̅ , 24̅̅̅̅ , 26̅̅̅̅ , 30̅̅̅̅ , 32̅̅̅̅ , 36̅̅̅̅ , 38̅̅̅̅ , 42̅̅̅̅ , 44̅̅̅̅ , 48̅̅̅̅ } 

The same can be obtained. 

 𝐼 ̅ ∩ 𝐽 ̅ = {0̅, 2̅, 6̅, 8̅, 12̅̅̅̅ , 14̅̅̅̅ , 18̅̅̅̅ , 20̅̅̅̅ , 24̅̅̅̅ , 26̅̅̅̅ , 30̅̅̅̅ , 32̅̅̅̅ , 36̅̅̅̅ , 38̅̅̅̅ , 42̅̅̅̅ , 44̅̅̅̅ , 48̅̅̅̅ } 

Consequently 𝐼 ̅ ∩ 𝐽 ̅ = 𝐼 ∩ 𝐽̅̅ ̅̅ ̅̅ =𝐸2 ∪ 𝐸6  

                         = {0̅, 2̅, 6̅, 8̅, 12̅̅̅̅ , 14̅̅̅̅ , 18̅̅̅̅ , 20̅̅̅̅ , 24̅̅̅̅ , 26̅̅̅̅ , 30̅̅̅̅ , 32̅̅̅̅ , 36̅̅̅̅ , 38̅̅̅̅ , 42̅̅̅̅ , 44̅̅̅̅ , 48̅̅̅̅ } 

Next, it will be indicated that 𝐼 ∩ 𝐽 = {2̅, 48̅̅̅̅ } is a rough subgroup of Y. 

i. 2̅(+50)48̅̅̅̅ = 0̅ ∈ 𝐼 ∩ 𝐽̅̅ ̅̅ ̅̅ , 

ii. (2̅)−1 = 48̅̅̅̅ ∈ 𝐼 ∩ 𝐽. 

Hence {2̅, 48̅̅̅̅ } is a subgroup rough of  𝑌. 

 

Proposition 2. Let (𝑆, 𝜃) be an approximation space, and 𝐾, 𝐿, 𝑎𝑛𝑑 𝑀 be rough groups. 𝑈1 

and 𝑈2  are a rough subgroup of 𝑀 and 𝑈1 ≠ 𝑈2 where  𝑈1
̅̅ ̅ = 𝑈2

̅̅ ̅. If a sequence 
 

𝐾
𝑓
→ 𝐿̅

𝑔
→ 𝑀̅ 

 

is a rough 𝑈1
̅̅ ̅-exact sequence, then 𝐾

𝑓
→ 𝐿̅

𝑔
→ 𝑀̅ is a rough 𝑈2

̅̅ ̅-exact sequence. 

 

Proof. We assume that the sequence 𝐾
𝑓
→ 𝐿̅

𝑔
→ 𝑀̅ is a rough 𝑈1-exact sequence. Based on 

Definition 1, we have im (𝑓) = 𝑔−1(𝑈1
̅̅ ̅). Since 𝑈1

̅̅ ̅ = 𝑈2
̅̅ ̅, we have im (𝑓) = 𝑔−1(𝑈2

̅̅ ̅). In 

other words, the sequence 𝐾
𝑓
→ 𝐿̅

𝑔
→ 𝑀̅ is 𝑈2-exact rough in 𝑀.          ∎                                          

 

Example 3. Let ℤ9 = {0̅, 1̅, 2̅, 3̅, 4̅, 5̅, 6̅, 7̅, 8̅} is a set of integers modulo 9 and +9 modulo 9 

summation operations. We define a relation 𝑅 on ℤ9 as follows. For every 𝑎, 𝑏 ∈ ℤ9, 𝑎𝑅𝑏 if 

and only if 𝑎 − 𝑏 = 4𝑘, for some 𝑘 ∈ ℤ. From this equivalence relation, we have four 

equivalence classes as follows: 

𝐸1 = {1̅, 5̅}, 

𝐸2 = {2̅, 6̅}, 

𝐸3 = {3̅, 7̅}, 

𝐸4 = {0̅, 4̅, 8̅}. 

 

Next, we construct three rough groups to form a rough U-exact sequence of rough groups. Let 

𝑋1 = {0̅, 4̅, 5̅}. We have 𝑋1
̅̅ ̅ = 𝐸1 ∪ 𝐸4 = {0̅, 1̅, 4̅, 5̅, 8̅}. 

(1) for every 𝑥, 𝑦 ∈ 𝑋1, x (+9) y ∈ 𝑋1
̅̅ ̅; 

(2) association property holds in 𝑋1
̅̅ ̅; 

(3) there exists 0̅ ∈ 𝑋1
̅̅ ̅, such that for every  𝑥̅ ∈ 𝑋1

̅̅ ̅, 𝑥̅(+9)0̅ = 0̅(+9)𝑥̅ = 𝑥̅; 
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(4) for every 𝑥 ∈ 𝑋1, there exists 𝑦 ∈ 𝑋1 such that 𝑥(+9)𝑦 = 0̅ or 𝑦 = 𝑥−1, that is 

     (0̅)−1 = 0̅ ∈ 𝑋1, (4̅)−1 = 5̅ ∈ 𝑋1, and (5̅)
−1

= 4̅ ∈ 𝑋1. 

Hence, 𝑋1 is a rough group.  

 

Now, let 𝑋2 = {1̅, 3̅, 6̅, 8̅}. We have 𝑋2
̅̅ ̅ = E1 ∪ E2 ∪ E3 ∪ E4 =ℤ9. 

(1) for every x, y ∈ 𝑋2, x (+9) y  ∈ 𝑋2
̅̅ ̅; 

(2) association property holds in 𝑋2
̅̅ ̅; 

(3) there exists 0̅ ∈ 𝑋2
̅̅ ̅, such that for every  𝑥̅ ∈ 𝑋2

̅̅ ̅, 𝑥̅(+9)0̅ = 0̅(+9)𝑥̅ = 𝑥̅; 

(4) for every 𝑥̅ ∈ 𝑋2, there exists 𝑦̅ ∈ 𝑋2 such that 𝑥̅(+9)𝑦̅ = 0̅ or 𝑦̅ = (𝑥̅)−1, that is 

     (1̅)−1 = 8̅ ∈ 𝑋2, (8̅)−1 = 1̅ ∈ 𝑋2, (3̅)−1 = 6̅ ∈ 𝑋2, and (6̅)−1 = 3̅ ∈ 𝑋2. 

Hence, 𝑋2 is a rough group. 

 

Let 𝑋3 = {1̅, 3̅, 4̅, 5̅, 6̅, 8̅}. We obtain 𝑋3
̅̅ ̅ = E1 ∪ E2 ∪ E3 ∪ E4 =ℤ9. 

(1) for every x, y ∈ 𝑋3, x (+9) y ∈ 𝑋3
̅̅ ̅; 

(2) operation (+9) association property holds in  𝑋3
̅̅ ̅;  

(3) there exists 0̅∈ 𝑋3
̅̅ ̅,such that for every  𝑥̅ ∈ 𝑋3

̅̅ ̅, 𝑥̅(+9)0̅ = 0̅(+9)𝑥̅ = 𝑥̅; 

(4) for every 𝑥̅ ∈ 𝑋3, there exists 𝑦̅ ∈ 𝑋3 such that 𝑥̅(+9)𝑦̅ = 0̅ or 𝑦̅ = (𝑥̅)−1, that is  

     (1̅)−1 = 8̅ ∈ 𝑋3, (8̅)−1 = 1̅ ∈ 𝑋3, (3̅)−1 = 6̅ ∈ 𝑋3, (6̅)−1 = 3̅ ∈ 𝑋3, (4̅)−1 = 5̅ ∈ 𝑋3, and 

(5̅)
−1

= 4̅ ∈ 𝑋3. 

Hence, 𝑋3 is a rough group.  

 

Next, we form a sequence  𝑋1
̅̅ ̅

𝑓
→ 𝑋2

̅̅ ̅
𝑔
→ 𝑋3

̅̅ ̅. Let 𝑈1 = {4̅, 5̅} ⊆ 𝑋3. We obtain 𝑈1
̅̅ ̅ = 𝐸1 ∪ 𝐸4 =

{0̅, 1̅, 4̅, 5̅, 8̅} is a rough subgroup of 𝑋3. We get 4̅(+9)5̅ = 0̅ ∈ 𝑈1
̅̅ ̅ and (4̅)−1 = 5̅ ∈ 𝑈1.   

We will show the sequence 𝑋1
̅̅ ̅

𝑓
→ 𝑋2

̅̅ ̅
𝑔
→ 𝑋3

̅̅ ̅ is  𝑈1-exact in 𝑋3
̅̅ ̅. 

Since  𝑋1
̅̅ ̅

𝑓
→ 𝑋2

̅̅ ̅, 𝑓: 𝑎 mod 9, and  𝑋2
̅̅ ̅

𝑔
→ 𝑋3

̅̅ ̅, 𝑔 identity function, we obtain  

im (𝑓)  = {𝑥 ∈ 𝑋2
̅̅ ̅|𝑥 = 𝑓(𝑋1

̅̅ ̅)} 

               = {𝑥 ∈ 𝑋2
̅̅ ̅|𝑔(𝑥) = 𝑈1

̅̅ ̅} 

               = 𝑔−1(𝑈1
̅̅ ̅) 

               =  {0̅, 1̅, 4̅, 5̅, 8̅} 

Hence 𝑋1
̅̅ ̅

𝑓
→ 𝑋2

̅̅ ̅
𝑔
→ 𝑋3

̅̅ ̅ is  𝑈1-exact in 𝑋3
̅̅ ̅. 

Next, we form the second sequence:  𝑋1
̅̅ ̅

𝑓
→ 𝑋2

̅̅ ̅
𝑔
→ 𝑋3

̅̅ ̅ with 𝑓 homomorphism rough group 

𝑓: 𝑎 mod 9  and 𝑔 identity function. Then let 𝑈2 = {1̅, 8̅} ⊆ 𝑋3. We obtain 𝑈2
̅̅ ̅ = 𝐸1 ∪ 𝐸4 =

{0̅, 1̅, 4̅, 5̅, 8̅} is a rough subgroup of 𝑋3, and 1̅(+9)8̅ = 0̅ ∈ 𝑈2
̅̅ ̅ and (1̅)−1 = 8̅∈ 𝑈2.   

We will show the sequence 𝑋1
̅̅ ̅

𝑓
→ 𝑋2

̅̅ ̅
𝑔
→ 𝑋3

̅̅ ̅ is 𝑈2- exact in 𝑋3
̅̅ ̅. 

Since  𝑋1
̅̅ ̅

𝑓
→ 𝑋2

̅̅ ̅, 𝑓: 𝑎 mod 9 dan  𝑋2
̅̅ ̅

𝑔
→ 𝑋3

̅̅ ̅, 𝑔 identity function, we have: 

 im (𝑓) = {𝑥 ∈ 𝑋2
̅̅ ̅|𝑥 = 𝑓(𝑋1

̅̅ ̅)} 

               = {𝑥 ∈ 𝑋2
̅̅ ̅|𝑔(𝑥) = 𝑈2

̅̅ ̅} 

               = 𝑔−1(𝑈2
̅̅ ̅) 

               =  {0̅, 1̅, 4̅, 5̅, 8̅} 
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Hence 𝑋1
̅̅ ̅

𝑓
→ 𝑋2

̅̅ ̅
𝑔
→ 𝑋3

̅̅ ̅ is  𝑈2-exact in 𝑋3
̅̅ ̅. 

From Example 3, we can conclude that if the sequence 𝑋1
̅̅ ̅

𝑓
→ 𝑋2

̅̅ ̅
𝑔
→ 𝑋3

̅̅ ̅ is a rough 𝑈1-exact 

sequence and 𝑈2 is a subgroup of rough 𝑋3
̅̅ ̅  where 𝑈1 ≠ 𝑈2 and 𝑈1

̅̅ ̅ = 𝑈2
̅̅ ̅, the sequence 𝑋1

̅̅ ̅
𝑓
→ 𝑋2

̅̅ ̅
𝑔
→ 𝑋3

̅̅ ̅ is a rough 𝑈2-exact rough in 𝑋3
̅̅ ̅. 

 

CONCLUSIONS 

The rough U-exact sequence is a generalization of the rough exact sequence in the rough 

groups. If 𝐾, 𝐿, 𝑎𝑛𝑑 𝑀 are rough groups, 𝑈1 and 𝑈2  are rough subgroups of 𝑀 and 𝑈1 ≠ 𝑈2 

where  𝑈1
̅̅ ̅ = 𝑈2

̅̅ ̅ and the sequence 𝐾
𝑓
→ 𝐿̅

𝑔
→ 𝑀̅ is a rough 𝑈1

̅̅ ̅-exact sequence, then the sequence 

𝐾
𝑓
→ 𝐿̅

𝑔
→ 𝑀̅ is a rough 𝑈2

̅̅ ̅-exact sequence. Furthermore, if we have an approximation space 

(𝑉, 𝜃), a rough group 𝐾 in V, and rough subgroups  𝑈1, 𝑈2,... 𝑈𝑛 in 𝐾, and 𝑈1
̅̅ ̅ ∩ 𝑈2

̅̅ ̅ ∩ … ∩

𝑈𝑛
̅̅̅̅ = 𝑈1 ∩ 𝑈2 ∩ … 𝑈𝑛

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , then 𝑈1 ∩ 𝑈2 ∩ … 𝑈𝑛 is a rough subgroup 𝐾 of the approximation 

space (𝑉, 𝜃). 
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