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Abstract

In this paper, we study the quasi-associative algebra property for the real
Article Information Frobenius Lie algebra g; := M3(R) % gl;(R) € gl,(R) of dimension
Submitted March 01, 2021 18. The work aims to prove that g5 is a quasi-associative algebra and to
Revised April 05, 2021 compute its formulas explicitly. To achieve this aim, we apply the
Accepted April 16, 2021 literature reviews method corresponding to Frobenius Lie algebras,

Frobenius functionals, and the structures of quasi-associative algebras. In
Keywords the first step, we choose a Frobenius functional determined by direct
Frobenius Lie algebras; computations of a bracket matrix of g5 and in the second step, using an
Frobenius functionals; induced symplectic structure, we obtain the explicit formulas of quasi-
quasi- associative algebras; associative algebras for g;. As the results, we proved that g; has the
symplectic structures. quasi-associative algebras property, and we gave their formulas

explicitly. For future research, the case of the quasi-associative algebras
on M,,(R) > gl,(R) is still an open problem to be investigated. Our
result can motivate to solve this problem.

INTRODUCTION

Quasi-associative algebras play an important role in many areas of physics and mathematics.
They arise in the notions of vertex algebras, convex homogeneous cones, affine manifolds,
and left-invariant affine structures (Burde, 2015). We can also describe how quasi-associative
algebras arise in the representation theory of Lie groups and in the invariant theory of
reductive groups. Therefore, it is an essential problem to consider whether a Lie algebra g has
a quasi-associative algebra structures and to give their explicit formulas of such structures.
Roughly speaking, a quasi-associative algebra structure or a left-symmetric algebra structure
on a vector space g is a bilinear product *: g X g 3 (a,8) — a * § € g such that for each
X,y,Z € g, the associator ¢(x,y,z) is left-symmetric (Diatta, A., Manga, & Mbaye, 2020).
Moreover, if the vector space g is a Lie algebra, then the quasi-associative algebra * is
compatible with its Lie brackets of g. The Lie algebra g which has these both structures is
called a quasi-associative algebra. We recall that not all Lie algebras or Lie groups are quasi-
associative algebras. For example, the n-dimensional filiform nilpotent Lie groups where
10 < n < 13 do not admit quasi-associative algebra structures (Burde, 2015). Furthermore,
we can also see that any semi-simple Lie algebra has no quasi-associative algebra structures.
On the other hand, the Lie algebra of the 4-dimensional Lie similitude group has quasi-
associative algebra structures (Kurniadi, Gusriani, & Subartini, 2020) and so has affine Lie
algebras of dimension 6 (Hendrawan, 2020).

In the theory of Lie algebras, we can find some types of Lie algebras. It is well known the
notion of 6-dimensional nilpoten Lie algebras (Graaf, 2007) and filiform Lie algebras (Hadjer
& Makhlouf, 2012). Another important class of Lie algebras is a Frobenius Lie algebras
(Alvarez & et al, 2018). Many researchers investigated this Frobenius Lie algebra. For
example, we can study the principal elements of Frobenius Lie algebras (Diatta & Manga,
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2014), g —quasi Frobenius Lie algebras (Pham, 2016), and the properties of Frobenius Lie
algebras with abelian nilradical (Alvarez & et al, 2018).

In the present work, we aim to prove quasi-associative algebra structures for the Lie
algebra g5 := M3(R) x gl3(R). This Lie algebra is the special case for n = p = 3 of the Lie
algebra g := M,, ,(R) % gl(n, R) where M,,,,(R) is the vector space of n X p matrices and
gl(n,R) is the Lie algebra of n x n matrices (Rais, 1978). It has been proven that g :=
M, , (R) > gl(n, R) is the Frobenius Lie algebra if p divides n (Rais, 1978). We believe that
g; Is the ideal situation where the quasi-associative algebra structures can be computed
perfectly. It gives us to have simple and visual computations to all the existence of quasi-
associative algebra structures for Frobenius Lie algebras. Furthermore, we can generalize our
result to case the Frobenius Lie algebra g := M,, ,(R) % gl(n, R).

We summarize our result as follows. Let g3 := M3(R) x gl;(R) be the Frobenius Lie

algebra of dimension 18. Then g3 admits quasi-associative algebra structures and we compute
their structures explicitly. Since the Lie algebra g5 is Frobenius, we can choose a Frobenius
functional ¥, € g3 which corresponds to an alternating bilinear form By, . Indeed, we can
observe that By, is non-degenerate. Moreover, we apply symplectic form to induce the
quasi-associative algebra structure on g5 (Diatta, Manga, & Mbaye, 2020). Thus, we obtain
the explicit formulas for quasi-associative algebra structures on g5.
We organize the paper as follows. In introduction section, we devote the background,
motivation, the purpose, and statement of main result of research. In research methods
section, we applied some literature reviews method for this research. Finally, a complete
proof of the existence of quasi-associative algebra structures for g5 is given in result and
discussion section. The paper ends by conclusion and suggestion.

METHODS

The method used in this research is literature review, especially about Frobenius Lie algebra
g3 of dimension 18 and about the quasi-associative algebra structures on the Lie algebra g5
(Burde, 2015). First of all, given Lie algebra g, it can be proven that the existence of quasi-
associative algebra structure on the Frobenius Lie algebra g5 and it is given quasi-associative
algebras structures formula explicitly.

The set M3(R) x gl3(R) as The vector space M3 (R) x gl;(R) as the
the vector space Frobenius Lie algebra
-

quasi-associative algebra dual space of M3(R) > gl3(R)

The proof of M;(R) < gl;(R) as a e A choosen Frobenius functional in

Rt

Explicit formulas for quasi- Conclusion and discussion o W—
associative algebra structures Selesai

Chart 1. Research flow
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RESULTS AND DISCUSSION

Before discussing our main result, we will briefly review some fundamental principles that
will be helpful in our article. We review some notions of Lie algebras, Frobenius functional,
and quasi-associative algebras. Let R be the set of all real numbers. The Lie algebra g5 :=
M;(R) % gl;(R) stated in this paper is the semi-direct sum of the vector space M;(R) and
the Lie algebra gl;(R) consisting of real matrices 3 x 3. In the specific realization, the Lie
algebra g5 can be written in the following matrix form.

a; by ¢ u v wy
a; by ¢ u; v, wy
as bz ¢ uz vz ws
O 0 0 O 0 O

0O 0 0 0O 0 O )

O 0 0 O 0 O

In another realization, the equation (1) can be written in the following block matrix form

5 ={(§ o) 1 @€ aL®,UEeM®]C gls(R). @

where the matrices « and U are of the forms

H ai,bi,Ci,Ui,Ui,Wi € Rll = 1'2'3 c gIG(R) (l)

ap b1 U vy wy

a = <a2 b, c2> € glz3(R) and U := (uz V2 Wz) € M;(R). Furthermore, using the
as; b; c3 Uz V3 Wsg

standard basis for g5, we have that g; = Span S where

SO OO O
SO OO OO
(=2 e R e Rl en i e B o)
SO O O OO
(=2 e R e Bl en i e B o)
(=2 e R e Bl en i e B o)

X

I
S O O O OO
SO O O OO
(=N ool o)
SO O O OO
SO OO OO
(=2 e R e Bl en R e B o)

®

=}

(3)

) ...,xlg =

I
(=2 e R e Rl en i e B o)
(=2 e R e Rl en B e B o)
SO O O OO
SO OO O
(=2 e R e Rl e i e B o)
S O O O OO
SO OO OO
SO O O OO
(=2 e R e Rl en R e B o)
(=2 e R e Bl en R e B o)
SO OO OO
(=N elNoll o)

The Lie brackets for the Lie algebra g5 is determined by the commutator matrix as follows
[xl-,xj] = x;Xj — XjX;, X, X € ¢3,1,j =1,2,3,..,18. 4
The detail computations of these Lie brackets for g5 have been done in (Henti et al, 2021).

Let x,y, z be elements of a Lie algebra. The associators of three elements x, y, z are defined
by

p(x,y,2) = (xy)z — x(yz) (5)

The quasi-associative algebra occurs when it is filled
p(x,y,2) = ¢(y,x,2)

61



Henti, H., Kurniadi, E., & Carnia, E.

[x,y] = xy —yx (6)
Definition 1 (Hilgert & Neeb, 2012). Let g be a real vector space and [.,.]:g X g3 (a,b)

[a,b] € g be a bilinear form. The bilinear form [.,.] is called a Lie bracket for g if the
following conditions are satisfied:

1L [xyl=-lyx]; Vxy€g,

2. [x, Ly, Z]] + [y, [z, x]] + [z, [x, y]] =0; forx,y,z € g.
The last condition is called the Jacobi identity. Furthermore, the real vector space g equipped
by Lie brackets is called a Lie algebra.

Let g be a Lie algebra and let g* be its dual vector space of g consisting of all linear
functionals o in the Lie algebra g. In other words, g* can be written in the following form
g" = {Uo | Ho: ¢ = R isalinear functional } @)

Definition 2 (Ooms, 1980) A real Lie algebra g is said to be Frobenius if the stabilzer of g
defined by

g = {x € g; (o, [x,y]) =0,V y € g}. (8)
is trivial for some linear functionals vy, € g".

The linear functional v, satisfying the equation (8) is called the Frobenius functional. The

example of Frobenius Lie algebra can be seen in the Theorem below which is also the object
of this research.

Proposition 3 (Henti et al., 2021) Let g5 := M3(R) % gl3(R) be a Lie algebra of dimension
18 whose basis is S := {x;}}2,. Then there exists the Frobenius functional ¥, = xj, + x5, +
x;g such that g¥o = {0}. Therefore, g5 is the Frobenius Lie algebra.

Other examples of Frobenius Lie algebras can be seen in the work of (Csikds & Verhdczki,
2007). He classified 4-dimensional Frobenius Lie algebras over a filed of characteristic # 2
and 6-dimensional Frobenius Lie algebras over an algebraic closed field.

Let g Lie algebra with basis S = {x;}?Z;. We denoted by the 2n x 2n matrix 9([x;, x;])
whose (i, j)-th entry is determined by the Lie bracket of g where 1 < i,j < 2n and 9t(y,) be
a matrix whose (i, j)-th entry is determined by (¥, [x;, x;}1<i j<2n-

Theorem 4 (Ooms, 1980) Let g be a Lie algebra with basis S = {x;}?", . If there exist a
linear functional ¥, such that the determinant of 9t(y,) isn’t equal to 0 then g is called a
Frobenius Lie algebra.

Furthermore, the basic notations needed in this study is quasi-associative algebras which can
be explained as follows

Theorem 5 (Burde, 2015) Let g be a Lie algebra. The quasi-associative algebra structure on
g is bilinear product

gXxg 3 (ab) »axbEqg, 9)
which satisfies the equation (6).

Especially for Frobenius Lie algebra, the existence of the Frobenius functional ¥, € g* can be
used to find real bilinear products that satisfies the equation (6). On the other hand, in
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Frobenius Lie algebra the determinant of matrix 9t(1,) is the same as the determinant of the
alternating bilinear form,

By,: §Xg3 (xl-,xj) - (Yo, [xi,xj]) €ER (20)
with respect to the basis {x;}.

Furthermore, it has been proven in (Diatta, A. et al., 2020) that a linear symplectic structure
form ¢ on Lie algebra g can induce the equation (6). Let By, be an alternating bilinear form

on a Frobenius Lie algebra g where 1, is the Frobenius functional. Furthermore, B, is a

symplectic form which induces a quasi-associative algebra (Diatta, A. et al., 2020). It is
defined by

Bwo(x *Y, Z): = _Bwo (y) [X, Z]) = _(IIJO' [y' [x' Z]]> (11)
forall x,y,z € g.

In this section, we shall prove our main results that g; admits quasi-associative algebra
structures. Our main result is stated in the following Proposition

Proposition 7. The Frobenius Lie algebra g5 with the standard basis S = {x;};2, has quasi-
associative algebra structures.

Proof. Firstly, we define an alternating bilinear form of g5
By, 83 X g3 3 (x;,%7) = (Yo, [x, %)) ER ,1 < i,j < 18. (12)

with respect to basis {x;};2,. Since g5 is Frobenius Lie algebra, then there exists a Frobenius
functional v, € g3 such that By, is symplectic form. In this case, we choose the Frobenius
functional g == x7, + x14 + xig € g3. Furthermore, let u,v be elements in g3 and we
define a bilinear product g3 X g3 3 (u,v) » u * v € g5. Since g; = Span S, then for each
u and v in g3, there exist scalars a;, B, and y, € R where 1 < i, j, k < 18 such that

u:= 21131 aixi ,v:= 21121 ﬁjxj y2UX D= lecil ViXk- (13)
Using the equations (10) and (11), we have
By, (u*v,x;) = =By, (v,[u,x;]), 1 <i<18. (14)

where ¥,(x;) =1 if i =10,14,18 and zero for the others. Since the equation (14) is a
symplectic form then it induces a quasi-associative algebra structures on g5 in the equation
(6). To prove By, (u*v,x;) in the equation (14) induces ¢(u,v,x;) = @ (v,u,x;) for each
i=123,..,18, we shall prove that (u*v) xx; —(v*u) xx; =u* W*x;) —v*(U=*x;).
Using the equation (14), then for each k € g5, we have

B%((u V) *x; — (V*u) * xi,k) = Bwo((u * V) * xi,k) — By, (v *u) *x;, k)

= By, (x;, [v* u, k]) — By, (x;, [u * v, k])

= By, (xi, [v*u, k] — [uxv,k])

= By, (x;, [V*u —u*v,k])

= By, (x;, [[v,u], k])

In the similar way, using the identity Jacobi, we also have By, (u x(V*xx;) —v*(ux* xi)) =
By, (x;, [[v,u], k]). Furthermore, since By, is nondegenerate, then we have ¢(u,v,x;) =
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o, u,x;). Now, we shall prove that the equation (14) induces [u,v] =u*v—v=*u.
Following the computations before, we also obtain By ([u,v] —u*v+v=*u,k) =0 for
each k € gs. since By, is nondegenerate, then we get [u, v] = u*v — v = w.

In the other words we can find the solutions y; in the terms of a; and 8; where 1 < i < 18.
Namely, we have

uxv =8 aix;) « (X721 B5%) = Zida vaxx (15)
To construct the product x; = x; in g3 where 1 < i,j < 18, the corresponding values of a; and

p; are assigned such that the equation (14) satisfies the equation (6). Therefore, the equations

(14) and (15) induces the equation (6). Thus, g; has quasi-associative algebra structures as
required.
[ |

Now, we give the explicit formulas for the quasi-associative algebra structures on g;. We
apply the equations (13, (14), and (15) to compute y; in the terms o; and 5; 1 < i,j, k < 18,
then we obatin the following formulas

Y10 = @2B13 + a3f16 — Aaf11 — @712 — A10P1 — A11 B4 — A12[7

Y13 = =113 — @4f14 + Aufio + AsPiz + Afie — A7P15s — A13f1 — 14 — @157
Y16 = —Q16P1 — 17P4 — A1P7 + A7P10 + AgP1z — A1f16 + AoP16 — XaP17 — A7Ps
Y11 = @111 — 2B10 + @2f1a + A3f17 — AsPi1 — AgP12 — A10P2 — A11Ps — X128
Y1a = — QP13 + a4f11 + APy — agPis — A13f2 — A14fs — A15Ps

Y17 = —Q2P16 — AsP17 + a7f11 — agPig + AgPra + Aof17 — A16f2 — A17Ps — A18Ps
Y1z = @112 + @2B15 — @3f10 + A3f18 — AP11 — Aof12 — A10P3 — A11Bs — X129
Y1s = —Q3f13 + @4P12 + AsPis — AePia + AeP1s — AoP1s — A13f3 — A1aPs — A5 Po
Y18 = —Q3P16 — @6P17 + A7f12 + agPis — A16P3 — X178 — A18Po

V1= —a1f1 — ayfr — a7 B3
Ya = =14 — ayfs — a7
Y7 = =17 — aufs — a7P
Y2 = —2f1 — asfr — agfs
¥s = —2fs — asPs — agPs
Y8 = —@2f7 — asPs — agf
Y3 = —a3f1 — agfr — a9z
Y6 = —3fs — a6fs — aofs
Yo = —azf7 — agfs — A9f

(16)
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Therefore, in the terms a; and S;, we can rewrite the equation (15) as follows.

18

u*v=<zi=

18 18
aixi> * (Z _ Bjxj> = Z YieXk
1 j=1 k=1

= (—a1f1 — aufr — a7B3)x; + (—ayfy — asfr — agfz)x;

+ (—azfy — agfz — aof3)xs + (—a1fs — aufs — a7f6) %4

+ (—azfs — asPs — agPe)xs + (—azfs — afs — agfle)xs

+ (a7 — ayfg — a7B9)x7 + (—azB7 — asfs — agfo)xg

+ (—azf7; — agPfs — Aofo)Xg

+ (az2f13 + azfi6 — @afi1n — A7f12 — 10B1 — A11Bs — A127)X10

+ (@111 — @z2B10 + @2B1a + a3fr7 — asPiy — agPrz — @102 — @11P5
— a12B8) %11

+ (a1B12 + azf15 — azfro + azfig — AePr11 — A1z — X10B3 — @11 P56
— a12B9) %12

+ (a1 f13 — afra + asPro + asPis + agfie — X7P1s — X131 — A14Ps
— ay5B7) %13

+ (—azf13 + asfin + asf17 — agPis — A13P2 — A1aPfs — A15Ps)X14

+ (—azfiz + asfiz + asPis — Asfra + Aefrg — Aofrs — A13B3 — A14B6
— a5 Bo)Xys

+ (—ay6B1 — 1784 — @18B7 + a7f10 + AgPi3 — @116 + Aofi16 — Asf17
— a7f8)x16

+ (—azf16 — asPi7 + azf11 — agPis + agfis + Aof17 — 1682 — A17Ps
— ay8fBs) %17

+ (—a3f16 — AsP17 + A7 P12 + agfis — A16P3 — X176 — A18B0) X1
(17)

By considering the corresponding values of a; and §; where 1 < {,j < 18, then we obtain the
explicit formulas of quasi-associative algebra structures as follows

Table 1. The Quasi-Associative Algebra Structures for g5

The bilinear product x; * x;, 1 < i,j < 18

X1 *X1 = —Xq X5 * X5 = —X5 Xg * Xg = —Xg
X1 * Xy = —Xy Xg * Xg = —Xg Xg * Xg = —Xg
X1 ¥ X7 = —X7 X5 * X117 = —X11 Xg ¥ X12 = —X12
X1 *¥X11 = X11 X5 * X13 = X13 Xg ¥ X15 = —X15

X1 * X12 = X12
X1 * X13 = —X13

X5 * X15 = X15
X5 *X17 = —X17

Xg * X16 = X16
Xg * X17 = X17

The bilinear product x; * x;, 1 < i,j < 18

X1 *X16 = —X16 Xe ¥ X2 = —X3 X10 * X1 = —X10
X2 ¥ X1 = —X3 Xe * X5 = —Xg X10 * X2 = —X11
X2 ¥ X4 = —X5 Xe ¥ Xg = —Xg X10 * X3 = —X12
Xp ¥ X7 = —Xg Xe ¥ X11 = —X12 X11 * Xg4 = —X10
X2 ¥ X10 = —X11 Xe * X14 = —X15 X11 * X5 = —X11
X2 ¥ X13 = X10 — X14 X6 * X16 = X13 X11 * Xe = —X12
X2 *X14 = X171 Xe * X17 = X14 — X138 X12 * X7 = —X10
X2 * X15 = X12 Xe * X18 = X15 X12 * Xg = —X11
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*X16 = —X17
*X1 = —X3

* X4 = —Xg

*X7 = —Xg

*X10 = —X12
*X13 = —X15
*X16 = X10 — X18

*X17 = X11

* X18 = X12
¥Xp = —X1

* X5 = —Xy
*Xg = —X7
*X10 = X13
*X11 = X14 — X10
* X12 = X15
*X14 = —X13
*X17 = —X16
¥ Xy = —X2

X7 * X3 = —X1 X12
X7 *Xe = —Xyg X13
X7 * X9 = —X7 X13
X7 * X10 = X16 X13
X7 * X191 = X17 X14
X7 * X12 = X18 — X10 X14
X7 ¥ X15 = —X13 X14
X7 *X18 = —X16 X15
Xg * X3 = —X3 X15
Xg * Xg = —Xg X15
Xg ¥ X9 = —Xg X16
Xg * X12 = —X11 X16
Xg * X13 = X16 X16
Xg * X14 = X17 X17
Xg * X15 = X18 — X14 X17
Xg * X183 = —X17 X17
Xg ¥ X3 = —X3 X18
X18 * X9 = —X18 X18
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X1 *¥Xy = X1 ¥X3 = X1 ¥X5 = X1 *¥Xg = X1 *¥Xg = X1 *¥Xg = X1 *¥X109 = X1 *X14
= X1 *¥X15 = X1 *¥X17 = X1 ¥ Xqg = Xp ¥ Xy = Xp ¥ X3 = Xp ¥ Xg

Xy ¥Xg = X ¥ Xg = X3 ¥ Xg = X ¥ X1 = X3 ¥ X1 = X * Xq7
=Xy *X1g = X3 ¥ Xy = X3 *¥X3 = X3 *¥Xg = X3 *Xg = X3 *Xg

X3 *¥Xg = X3 *X11 = X3 ¥X1p = X3 ¥ X14 = X3 ¥ X15 = X4 ¥ Xq
= X4 kX3 = Xy *¥Xy = Xg ¥ Xg = Xy ¥ X7 = Xg *Xg = Xg *Xq3

X4 ¥ X915 = X4 ¥ X16 = X4 ¥ X18 = X5 ¥ X1 = X5 * X3 = X5 * X4

X5 ¥ Xg = X5 * X7 = X5 * Xg = X5 * X109 = X5 * X12 = X5 * Xq4
= X5 *X16 = X5 * X183 = Xg * X1 = Xg * X3 = Xg * Xy = Xg * Xg

Xe ¥ X7 = Xg * Xg = Xg * X190 = Xg * X12 = Xg * X13 = Xg * X135
=x7*x1=x7*x2=x7*x4=x7*x5=x7*x7=x7*x8

X7 ¥X13 = X7 ¥ X14 = X7 ¥ X16 = X7 ¥ X717 = Xg ¥ X1 = Xg * X3

Xg ¥ X4 = Xg * X5 = Xg * X7 = Xg * Xg = Xg * X109 = Xg * X11
= Xg *X16 = Xg ¥ X17 = Xg ¥ X1 = Xg ¥ X3 = Xg * X4 = Xg * X5

Xg ¥ X7 = Xg * Xg = Xg * X109 = X9 * X11 = X9 * X13 = X9 * X14
= X9 * X18 = X10 * X4 = X10 * X5 = X10 * X = X10 * X7 = X10 * Xg

X10 * X9 = X10 * X190 = X10 * X11 = X10 * X12 = X10 * X13

X10 * X14 = X10 * X15 = X10 * X16 = X10 * X17 = X10 * X18
= X171 ¥ X1 = X171 ¥ Xy = X971 ¥ X3 = X1 ¥ X7 = X1 * Xg = X11 * X9

X11 ¥ X10 = X11 * X11 = X11 ¥ X12 = Xq1 * Xq13 = X171 * X14
X11 * X15 = X11 * X16 = X11 * X17 = X171 * X183 = X12 ¥ X1

X12 *¥ Xp = Xq12 ¥ X3 = Xq2 ¥ X3 = Xq2 * X15 = X12 * X16

X12 *¥ X17 = Xq12 ¥ X18 = X13 ¥ X3 = X13 ¥ X5 = X13 * Xg = X13 * X7
= X13 ¥ Xg = X13 ¥ X9 = X13 * X109 = X13 * X171 = X13 * X12

= X913 ¥ X913 = X13 ¥ X14 = X913 ¥ X15 = X13 * X16 = X13 * X17

= X13 ¥ X18 T X14 ¥ X1 T X14 ¥ X3 T Xq4 ¥ X3 T X14 ¥ X7 = X14 * Xg
X14 * X9 = X14 * X190 = X14 * X11 = X14 * X912 = X14 * X13
X14 * X14 = X14 ¥ X15 = X14 * X16 = X14 * X17 = X14 * X138

= X15 * Xq = Xq5 ¥ X3 = Xq5 ¥ X3 = X5 * X3 = Xq5 * X5 = X15 * Xg
X15 * X109 = X15 * X11 = X15 ¥ X12 = Xq5 * X13 = X15 * X14

= X15 * X145 = X15 ¥ X16 = X15 * X17 = X15 * X18 = X16 * X4

X16 * X5 = X16 * Xo = X16 * X7 = X16 * Xg = X16 * X9 = X16 * X10
X16 * X11 = X16 * X12 = X16 * X13 = X16 * X14 = X16 * X15

= X16 * X16 = X16 * X17 = X16 * X18 = X17 ¥ X1 = X17 * X3

X17 ¥ X3 = X17 ¥ X7 = Xq17 ¥ Xg = Xq17 ¥ X9 = X17 * X109 = X17 * X11
= X17 ¥ Xq2 = X17 ¥ X13 = X17 * X154 = X17 * X15 = X17 * X416

X17 ¥ X17 = Xq17 * X183 = X18 ¥ X1 = Xq1g * X3 = X1g * X3 = X18 * X4
X18 * X5 = X18 * Xe = X18 * X190 = X18 * X11 = X18 * X12

= X18 * X193 = X18 * X14 = X18 * X15 = X18 * X16 = X18 * X17

= X18 * X138 = 0
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Therefore, we obtain the quasi-associative algebra structure for g5 with respect to the basis
S = {xl,xZ, x3, ...,xlg}.

CONCLUSIONS

We proved in Proposition 7 that the Lie algebra g5 has quasi-associative algebra structures
and we gave their explicit formulas as written in Table 1 above. As discussion, our results can
attract other researchers to study quasi-associative algebra structures on the Frobenius Lie
algebra M,, ,,(R) = gl,,(R) in the general formulas. Indeed, our result give some adventages
to observe the properties of the Frobenius Lie algebra M,,,,(R) % gl,,(R) particularly for
quasi-associative algebra. In formal stage, we state in the following conjecture.

Conjecture 8. The Lie algebra M, ,(R) x gl,(R) (p divides n) with the standard basis

S = {x )P is the quasi-associative algebra.

This conjecture is still an open problem to be investigated. The problem is how to find a
Frobenius functional for M, ,,(R) % gl,(R) and how to relate this Frobenius functional to
quasi-associative algebra structures.
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