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conditions such that pdd(tK,, ,,) is either equal to m or m+1.

http://ejournal.radenintan.ac.id/index.php/desimal/index

INTRODUCTION graph such that it can be also applied to

The idea of resolvability and location in disconnected graphs.

graph were described independently by
Slater in 1975 and Harary & Melter in
1976, to establish the same structure in a
graph. This concept is then known as the
metric dimension of a graph. In 1998
Chartrand et al. introduced the partition
dimension parameter to possibly gain
insight into metric dimension. Recently in
2015, Haryeni et al generalized the
definition of the partition dimension of a

For any (not necessary connected)
graph G(V,E) and A € V(G), the distance
of a vertex x € V(G) and A, denoted by
d(x,A),ismin{d(x,a): a € A}.Ifd(x,A) #
d(y,A), then we say A resolves two
vertices x,y € V(G). For an ordered
partition A = {44, A,, ..., A} of V(G), if all
d(x,A;) < oo for all x € V(G), then define
the representation of x under A as
(d(x,Ay),d(x,4,),...,d(x, Ay)), and
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denoted by r(x|A). A partition A is a
resolving partition of G if every two
distinct vertices x,y € V(G) are resolved
by some A4;, or in short d(x, 4;) # d(y, A;)
for some i€][1,k]. The smallest
cardinality of a resolving partition Ain G is
called a partition dimension of G. We use
the notation pd(G) (or pdd(G),
respectively) for the partition dimension
of connected (or disconnected) G. In case
of G having no resolving k —partition, then
define pdd(G) = oo.

For connected graph, some authors
have characterized the graphs of order n
with certain partition dimension, namely
for pd(G) € {2,n — 1,n} by Chartrand et
al. (2000), pd(G) =n—2 by Tomescu
(2008) and pd(G) = n — 3 by Baskoro &
Haryeni (2020). The partition dimension
of graphs with some graph operations also
have been studied, such as for Cartesian
product by Yero eta. (2010) and for strong
product by Yero et al. (2014).

For the disconnected graphs G,
many results in determining pdd(G) have
been obtained such as for linear forest
mB,, Ut_, P, and K3 UmP, (Haryenietal.
2017), and for disjoin union of star
Ule Kl,ni' double star forest mT(r, s), and
disjoint union of cycles (Haryeni et al,
2015). There were also some results on
the partition dimension of two-
component graphs (Haryeni et al., 2017).
In this paper, we determine the partition
dimension of a disjoint union of complete
bipartite graph tK,, ,, wherem > n > 2.

The following known results will
be used in the main part of this paper.

Lemma 1. (Chartrand et al., 2000)
Let A be a resolving partition of V(G) and
u,v € V(G). If d(u,w) =d(v,w) for all
w € V(G) — {u, v}, then u and v belong to
distinct partition classes of A.

Furthermore, the two vertices u
and v satisfying Lemma 1 are called twin
vertices.

Theorem 1. (Chartrand et al., 2000)
Let G be a connected bipartite graph with
partite sets V; and V, of cardinalities
m and n, respectively. Then

1) pd(G) <m+1,if m =nand
2) pd(G) < max{m,n}, ifm # n.

Moreover, equality holds in 1) or 2), if and
only if G is complete bipartite graph.

Theorem 2. (Haryeni, Baskoro,
2017) Let G = U™,G;. If pdd(G) < o,
then we have that max{pd(G;):1<i <
m} < pdd(G) < min{|V(G)|:1<i<
m}.

Definition 1. (Haryeni, Baskoro,
2017) Form > 1,let G = U2, G; and A =
{A,A,, ..., A} be a resolving partition of
G.Foranyintegert > 1,avertexv € V (G)
is defined as a t —distance vertex if
d(v,4;) = 0ortforany 4; € A

METHOD

In this paper, we determine the
partition dimension of a disjoint union of
complete Dbipartite graph G = tKy,,
wherem > n > 2. In general, to show that
pdd(G) = k for some k, we need to prove
that the upper bound and the lower bound
of the partition dimension of G is equal to
k. To prove that pdd(G) < k, we define a
partition of the vertices of G with k
elements such that every vertex of G
admits distinct representations with
respect to such partition. To show that
pdd(G) =k, we can prove by a
contradiction. We assume that there exists
a resolving (k — 1) —partition of G such
that for any definition of such partition it
always leads to the contradiction. By this
procedure, we can conclude that
pdd(G) = k.

RESULTS AND DISCUSSION

In this section we will determine
the partition dimension of a disjoint union
oft > 1 copies of complete bipartite graph
tKmn, where m =>n > 2. We begin this
part with some related lemmas, as follows.
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Lemma 2. Let K,,, , be a complete
bipartite graph where m > n > 2. In any
minimum resolving partition of K, ,,, then
there are at least n vertices which are
1 —distance vertices. Furthermore, there
exists exactly one 1 —distance vertex in
any resolving (m + 1) —partition of K, ,,.

Proof. For m > n > 2, let the set of
vertices and edges of K,,, , be
V(Km,n) ={w,vpl<i<ml<j<nj}
E(Kpy) = (w1 <i<m1<j<n}

By Theorem 1, pd(K,,,) = m. Let
A ={A, A, ..., A} be any minimum
resolving partition of K, ,. Since
d(u;, x) = d(uj,x) for any x € V(Kp,) —
{u;, v}, w; and w; belong to distinct
partition class of A, for every i,j € [1,m],
by Lemma 1. Without loss of generality,
assume thatu; € A4; foranyi € [1,m].Bya
similar reason, since d(v;,y) = d(v;,y)
for any y € V(Kmn)— {v;,v;}, we can
assume that v; € A; for any j € [1,n].
Therefore, v is 1 —distance vertex for
allj € [1,n].

Now, let A, = {41,4,, ..., Ams1} be a
resolving (m + 1) —partition of K.
Without loss of generality assume that
u; € A; for any i € [1,m]. Since |A,| =
m + 1, there exists v; € Ay, for some j €
[1,n]. Thus, we may assume that v; €
Am+1 and v; € A;_4 for all j € [2,n]. This
implies that v; is the only 1 —distance
vertex with respect to A,.

Lemma 3. For integer m > 2, let
K m be a complete bipartite graph. Then,
in any minimum resolving partition of
Ky m there are exactly two 1 —distance
vertices.

Proof. For m > 2, let the set of
vertices and edges of K, ,,, be

V(Kmm) = {up,vj:1 < i,j <m},
E(Kmm) = {wv;:1 <i,j <m}.

By using Theorem 1, pd(Kpn,) =
m+ 1. Let A={A,A4,,.., A1} be any
minimum resolving partition of Ky, .
Note that u; and u; are twin vertices with
respect to the partition A. Therefore, u;
and u; belong to distinct partition class of
A, foreveryi,j € [1,m] by using Lemma 1.
Without loss of generality, assume that
u; € A; for any i € [1,m]. Since |[A| =m +
1, there exists v; € V, such thatv; € Ay, 44.
Thus, we may assume that v; € 4,,,,1.Bya
similar reason, since d(v;,y) = d(v;,y)
for any y € V(Kpum)— {vi,v;}, assume
that v; € A;_; for all j € [2,m]. Therefore,
U, and v, are 1 —distance vertices.

From now on, let ¢ = tK,, , where
t=>1 and m=n=>2. Let the set of
vertices and edges of G be

V(G) = {ui,j,vi,k: 1<i< t,l S] <m,
1<k<n}
E(G) = {ui,jvl-,k: 1<i< t,l S] <m,
1<k<n}
and each component i*® of G has two
partite sets V;; and V;, with cardinality m
and n, respectively.

In the following result, we give the
necessary condition for the graph G =
tKym» where m > n > 2 such that pdd(G)
is finite.

Theorem 3. For integer t > 1 and
m=n22, if pdd(th’n) < oo, then t <

! 2m)!
Mform>n,orts(m)
mlin!

o2 form = n.

Proof. let G = tK,,,, with t = 1 and
m=n=2 If pdd(tKy,) < o, then to
maximize the value of t, assume that
pdd(G) =m+n. Now let A= {44 4,,
.,Amin} be a resolving partition of G.
Since |A| = m +n = |V(G)|, every vertex
in each component of G is the singleton
vertex in A forall k € [1,m + n]. Thus for
m > n, we have there are at most (mr-n}_ n)

different ways to distribute the vertices of
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each component G into A. Moreover, for
any two vertices u, v € A, in whichu € V;;
and v € V;; there exists at least one q €
[1,m + n] — {p} satisfying d(u,4,) =1 #
2=d[w,Ay).

Furthermore, for m =n, let Sij =
{s:x € V;; contained in A;} where 1 <i <

t and 1 <j < 2. Thus, for (Zriln) ways to

distribute the vertices of each component
of G into A, there exists i # k such that
Sil = Sk2 and Si2 = Skl' This lmphes that
the representations of vertices in the ith
component are equal to the

representations of vertices in k%
2m)!
component of G. Therefore, t < m)! for
2ml2
m=n.

In the next results, we give the
characterization of the graph G =
tKpnwith m>=n>2 such that the

partition dimension G is either m or m +
1.

Theorem 3. For integer t > 1 and
m =>n > 2, then

pdd(G) =
( if and only if m>n
m
m and t < I—J,
n
if and only if (m > n and
m
— <t<
+1, an+1_t_m+1)or

(m=nana ¢ < [2)).

m

Proof. Fort = 1,let G = tK,,, where
m>n > 2. Note that pdd(G) =m by
Theorems 1 and 2. Now, we distinguish the
following cases.

Case 1. m>nand t < EJ We will
show that pdd(G) < m. Define a partition
A ={A1,A,, ..., Ay} of G induced by the
function f: V(G) - {1, 2,...,m}as follows.

f(ui,j) =j,foranyi € [1,t],j € [1,m],

f(vix)=(G—1n+k, for any i€
[1,t],k € [1,n].

Note that f(x) =i means that x €
A;. Let us show that A; is a resolving
partition of G. We consider any two
distinctverticesx,y € V(G) in A, for some
p€[l,m]. If x=wu;; and y =uy; for a
distinct i,k € [1,t] and j € [1,m], then
d(x,Aq) =1+#2=d(yAy) for some g €
[(—Dn + Lin]. If x=u;; and y =
vy, forsome i,k € [1,t],j € [1,m],and ! €
[1,n], then j=(k—-1n+l and
d(x,Aq) =2+#1=d(y,Aq) for some q €
([1,m] = [(i —1)n+1,in]). Therefore,
r(x|Ay) # r(y|A;) for any two vertices
x,y € V(G) and so that A; is a resolving
partition of G.

Now we will prove the reverse
direction. For m>n>=2 and t > 1, let
G = tKy,, and pdd(G) = m . By Theorem
1, then we obtain that m > n.
Furthermore, any component of G has at
least n vertices as 1 —distance vertex for
any m —resolving partition of G, by

Lemma 1. This implies that t < EJ

Case 2. m>n and l%J+1StS

m + 1. We will show that pdd(G) = m +
1. By considering Case 1, then pdd(G) =
m + 1. To show the upper bound, let A, =
{A,A,, ..., Any1} be a partition of G
induced by the function g:V(G) — {1,
2,...,m+ 1}, as follows.

g(x) =
i+ jmod(m+1), if x =u;,
i+k—1mod (m+1), ifx=uv,

where i € [1,t],j € [1,m], and k € [1,n].
Note that g(x) =0 means that x €
Amsq and g(x) = i means that x € A; for
some i € [1,m]. Consider any two distinct
vertices x,y € V(G) in A, for some p €
[1,m+1]. If x =u;; and y = u,; where

Copyright © 2021, Desimal, Print ISSN: 2613-9073, Online ISSN: 2613-9081



Desimal, 4 (2), 2021 - 229
Debi Oktia Haryeni, Edy Tri Baskoro, Suhadi Wido Saputro

i#kandj#1[ thend(x,4;)=1%2=
d(y,A;) for some gq€[l,m+1] —
[imod (m+ 1),i + n—1mod (m + 1)].
If x=u;; and y = vy, then d(x,Aq) =
1#2=d(y,Ay) forsome g€ [i+1,i+
mmod (m + 1)]). Hence for any two
vertices x,y € V(G), we obtain that
r(x|A;) # r(y|A,) and so that A, is a
resolving partition of G.

To show the reverse direction, let
pdd(tK,,,) =m, where m >n > 2 and
t = 1. By considering Case 1, then t >

EJ + 1. Furthermore, any component of

tKmnn has exactly one 1 —distance vertex
for any (m + 1) —resolving partition of G,
by Lemma 1. Thus, we can conclude that
t<m+ L

Case 3. m=n and t<[ J By

Theorems 1 and 2, then pdd(G) = m + 1.
LetA; = {A4,4,, ..., A1} be a partition of
G induced by the function h:V(G) - {1,
2,...,m+ 1} as follows.

h(x) =
2" - 1: lf X = u’i,l’
Zir lf X = vi,l’
2i+j—1mod (m+ 1),

where i € [1,t] and j € [2,m]. Note that
h(x) =0 means that x € A,,,and
h(x) = i means that x € A; for some i €
[1,m]. We consider any two distinct
vertices x,y € V(G) in A, for some p €
[ILm+1]. If x€{u;1,v,1} and yE€
{ujr,vjx} for some k€ [2,m], then
d(x,Aq) =1#2=d(yAy) forsomeq €
{20 —1,2i}. If (x=w;; and y =1ugp),
or (x =v;jandy = v,,) for some j,b €
[2,m], then d(x,Aq) =2#1=d(y Ay)
for g = 2i — 1 or q = 2i, respectively. If
x=u;; and y =vg,, for some j,be€
[2,m], then d(x,Ay_1) =2+1=
d(y,Az;_1). This implies that r(x|A3) #
r(y|A3) for any two vertices x,y € V(G)

if x € {u;;,v;;},

and so that A; is a resolving (m+
1) —partition of G.

To show the reverse direction, let
pdd(th,n) =m+ 1, where m,n > 2 and
t = 1. By considering Case 2, then m = n.
Note that for each component of tKy,,,
there are exactly two 1 —distance vertices
for any resolving (m + 1) —partition of G
by Lemma 2. Therefore, we can conclude

thatt < [’"Z“J

CONCLUSIONS AND SUGGESTIONS

Based on the results above, we can
conclude that if the partition dimension of

tKp n 1s finite, thent<(m )form>n>
m)! "

2m!?

2, ort< for m = n = 2. Further-

more, we conclude from the result in

Theorem 3 that the partition dimension of
tKmn is equal tomifand only if m >n >

2andt < [%J, and the partition dimension
of tKy, , is equal to m + 1 if and only if
(m>n=2 and lmJ+1StSm+1) or

(m=nandt < [m;dJ).

There are some open problems
related to this topic, namely to determine
the partition dimension of disjoint union
of complete bipartite graph tK,, ,, for other
t defined in Theorem 3. Moreover, we can
also study the partition dimension of
disjoint union of complete bipartite graph

with different order, namely G =
Ui Kinn, where n; # n; for some i,j €
[1, t]
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