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 Tuberculosis (TB) is one of the most dangerous infectious diseases 
that caused 1,5 million people died from TB in 2018 (including 
251.000 people with HIV). As the preventive strategy for the spread 
of TB, we can use BCG vaccination. This study aims to investigate 
and analyze the sensitivity of vaccination parameters (to newborns 
and adults). This model divided the human population into five 
classes: susceptible (𝑆), vaccinated (𝑉), high-risk (𝐸) and low-
risk (𝐿) latent, and infectious (𝐼). Analysis of the mathematical 
model was discussed by finding the existence and analyzing the 
model equilibrium's stability based on the Basic Reproduction 
Number (ℛ0).  Furthermore, we determined the sensitivity analysis 
of the proportion of vaccine and other parameters that affect the TB 
transmission model. The numerical experiment shows that 
vaccination to adults more effective than newborns. 

http://ejournal.radenintan.ac.id/index.php/desimal/index 

 

 
INTRODUCTION 

Tuberculosis (TB) is one of the most 
dangerous infectious diseases that caused 
many death cases worldwide. It is caused 
by Mycobacterium tuberculosis and 
attacks the human respiratory system. 
There are 1,5 million people died from TB 
in 2018 (including 251.000 people with 
HIV). In the same year, 10 million people 
infected with TB worldwide, with 5,7 
million men, 3,2 million women, and 1,1 
million children (World Health 
Organization (WHO), 2019). The number 
of deaths that occurred due to the spread 
of TB that uses air as a medium. When 
infectious people with TB coughing or 

sneezing, the TB bacteria in the sputum 
splash will spread into the air until inhaled 
by healthy people.  

People with TB cannot directly 
transmit TB bacteria to other individuals 
(infectious). There is an incubation period 
to be an active TB, called TB latent 
infection. The length of time from latent 
TB to active TB depends on each 
individual's immunity (Grange et al., 
2011). When the immunity is low, the time 
needed to become infectious is faster than 
individuals with high immunity. People 
with latent TB infection have no 
symptoms, don't feel sick, and can't spread 
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TB bacteria to others. But they usually 
have positive TB skin tests and may 
develop active TB if they don't receive 
latent TB treatment (Centers for Disease 
Control and Prevention (CDC), 2020). The 
large population and high proportion of 
infected increased the number of people 
with latent TB. Around 80% of the number 
of latent TB is in the WHO Southeast Asia, 
Western Pacific, and Africa region, 
compared to 65% of the total population 
(Houben & Dodd, 2016). The fact that the 
bacteria cannot be directly detected in 
vivo during latent makes an important 
hurdle in TB research (Petruccioli et al., 
2016). 

The government uses Bacillus 
Calmette-Guerin (BCG) vaccines as a 
preventive strategy for the spread of TB. 
On the other hand, the BCG vaccine is 
unable to protect a person from TB disease 
forever. The BCG vaccine protection will 
begin to decrease after 10 – 15 years of 
vaccine administration (Nguipdop-Djomo 
et al., 2016). The BCG vaccine is also 
cannot protect individuals in total. 
Vaccinated individuals can still be infected 
with TB disease. The BCG vaccine can only 
provide about 80% protection against 
children and 50% protection against 
adults (Department of Health and Human 
Services, 2016). 

In general, only newborns were 
getting a vaccine.  However, the children 
and adults who have never been 
vaccinated can also get vaccines 
(Department of Health and Human 
Services, 2016). In other words, 
vaccinated individuals can't get the 
vaccine again. Besides that, individuals 
with positive TB also cannot get the 
vaccine. People do a Mantoux skin test 
(TST) before vaccinated. If TST results are 
positive, then they cannot be vaccinated 
but treated. Conversely, if an individual 
was a negative TB (TST result is negative), 
they can be given a vaccine. 

The researchers try to suppress the 
spread of TB by using the mathematical 

model. It can be useful to analyze the 
spread and control of infectious diseases 
(Hethcote, 2000). This result can 
represent the spread of TB in real life. 
There is much research about optimal 
control of TB disease, such as in the 
dynamic model of smoking TB 
transmission(Choi et al., 2015), mitigating 
(Kim et al., 2018), vaccination, and 
treatment (Yang et al., 2016). In Nyabadza 
& Kgosimore (2012) modeled the spread 
of TB disease in the population of children 
and adults. The following year, Mishra & 
Srivastava (2014) constructed a model of 
disease spread in lung TB and multidrug-
resistant patients with vaccination. Using 
a mathematical model, there was 
estimated that approximately 1,7 billion 
individuals were latently TB globally 
(Houben & Dodd, 2016).  In Yang et al. 
(2016) created a TB transmission model 
using vaccination and treatment. 
Subsequently, Siyu et al. also researched 
the TB deployment model using a mixed 
vaccination strategy (Liu et al., 2017). Kim 
et al. divide the population into four 
groups: susceptible, high-risk latent, low-
risk latent, and infectious (Kim et al., 
2018). Based on the above exposure, the 
study aims to investigate and analyze the 
sensitivity of vaccination parameters (to 
newborns and adults). 

There are five sections in this paper. 
In section 2, we describe the method to 
construct the TB transmission model. 
Then, we analyzed the model in Section 3 
and the numerical experiment in Section 4. 
Finally, we conclude our paper in Section 
5. 

METHOD  

In this section, we describe variables 
and parameters for the model. Then, we 
give assumptions on the TB transmission 
model. Based on that, we construct the TB 
transmission process and the dynamic 
model of TB transmission. 
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2.1 Model formulation 
In this paper, we construct the TB 

transmission model with vaccination 
strategies. Let us assume that the 
population is closed and constant. There is 
no migration, and birth has the same 
number as death. The population is 
homogeneous, which means that each 
individual has the same probability of 
having contact with another individual; 
the recovery rate is the same unless 
otherwise stated. We divided the 
population into five classes, i.e., vaccinated 
(𝑉), susceptible (𝑆), high-risk latent (𝐸), 
low-risk latent (𝐿), and infectious (𝐼). 
Total population denote with 𝑁, i.e., 
𝑁(𝑡) = 𝑉(𝑡) + 𝑆(𝑡) + 𝐸(𝑡) + 𝐿(𝑡) + 𝐼(𝑡). 
In this model, the vaccine was given to 
newborns and adults who have never been 
vaccinated or infected with TB.  When 
newborns and adults were vaccinated, 
they will move to a vaccinated 
compartment (𝑉). Otherwise, they will 
become susceptible individuals (𝑆).  

Furthermore, the BCG vaccine does 
not always protect humans from TB 
(Centers for Disease Control and 
Prevention (CDC), 2020; Grange et al., 

2011; World Health Organization (WHO), 
2019). The BCG vaccine can only provide 
about 80% protection to children and 50% 
protection to adults. The effectiveness of 
this vaccine depends on each individual's 
condition. The percentage of vaccines that 
can't protect humans denoted with 𝜉. 
During the incubation period (exposed), 
the individual population will also be 
divided into high-risk and low-risk latent. 
Low-risk latent individuals can't be 
infectious to others, even though they 
have M. tuberculosis in their bodies. 
People with TB will move to the high-risk 
latent class (𝐸). If people with high-risk 
latent TB have low immune and don't get 
treatment, they will become infectious TB 
(𝐼) with a progression rate κ. Otherwise, if 
they have high immune, they become low-
risk latent individuals (𝐿) with a 
progression rate α. Infected person cannot 
completely recover from TB disease. Even 
if an infected person has completed 
treatment, there are still TB bacteria in his 
body. Therefore, the individual will move 
to a low-risk latent group. The parameter 
definition for a model is given in Table 1.

Table 1. Definition and Values of Parameters for The Model 

Symbol Definition Unit Value References 
𝑁 Total population human 1000 Assumed 
𝑏 Natural birth rate 1/year 1/70 Assumed 
𝜇 Natural death rate 1/year 1/70 Assumed 
𝑢1 Proportion of newborns that 

vaccinated 
- [0,1] Assumed 

𝑢2 Proportion of individuals that 
never vaccinated 

- [0,1] Assumed 

𝛽 Transmission rate 1/human. year 11,7345 (Kim et al., 2018) 
𝜉 Percentage of vaccine cannot 

protect human 
- [0,1] Assumed 

𝛼 Progression rate from 𝐸 to 𝐿 1/year 0,2077 (Kim et al., 2018) 
𝜅 Progression rate from 𝐸 to 𝐼 1/year 0,0298 (Kim et al., 2018) 
𝛾 Treatment rate 1/year 0,2906 (Kim et al., 2018) 
𝑝 Proportion of treatment failure 

probability 
- [0,1] Assumed 

 
2.2 Dynamic model of TB transmission 

Figure 1. is a flow diagram of the TB 
transmission model in a population. From 
the assumption and TB transmission 
process, we formulated a TB model given 

by the TB dynamic system (1). The 
definition and range of the parameter used 
for carrying out numerical simulations of a 
model (1) are lists in Table 1. 



Desimal, 4 (1), 2021 - 50 

S. L. Chasanah, P. Ferdias, D. E. Nurvazly 

Copyright © 2021, Desimal, Print ISSN: 2613-9073, Online ISSN: 2613-9081 

 

Figure 1. TB Transmission Process 

𝑑𝑆(𝑡)

𝑑𝑡
= 𝑏𝑁(𝑡)(1 − 𝑢1) − 𝑢2𝑆(𝑡)

−
𝛽𝑆(𝑡)𝐼(𝑡)

𝑁(𝑡)
 

                −𝜇𝑆(𝑡), 
𝑑𝑉(𝑡)

𝑑𝑡
  = 𝑏𝑁(𝑡)𝑢1 + 𝑢2𝑆(𝑡) −

𝛽𝜉𝑉(𝑡)𝐼(𝑡)

𝑁(𝑡)
−

𝜇𝑉(𝑡), 
𝑑𝐸(𝑡)

𝑑𝑡
 =

𝛽𝜉𝑉(𝑡)𝐼(𝑡)

𝑁(𝑡)
+

𝛽𝑆(𝑡)𝐼(𝑡)

𝑁(𝑡)
+ 𝑝𝛾𝐼(𝑡)      

                  −𝜅𝐸(𝑡) − 𝛼𝐸(𝑡) − 𝜇𝐸(𝑡), 
𝑑𝐿(𝑡)

𝑑𝑡
= 𝛼𝐸(𝑡) + (1 − 𝑝)𝛾𝐼(𝑡) − 𝜇𝐿(𝑡), 

𝑑𝐼(𝑡)

𝑑𝑡
= 𝜅𝐸(𝑡) − 𝛾𝐼(𝑡) − 𝜇𝐼(𝑡). (1) 

ANALYSIS OF THE MODEL 

In this section, we analyzed the 
equilibrium point's existence and 
calculated the Basic Reproduction 
Number (𝑅0). Using that equilibrium 
point, we analyzed the local stability 
criteria of the model. 

3.1 Existence of the equilibria and 
calculation of the Basic Reproduction 
Number (ℛ0) 

The equilibrium is a condition where 
the system will not change. This point is 
used to understand the condition of the 
system at 𝑡 → ∞ and obtained by finding 

the solution of the equation 
𝑑𝑆1

𝑑𝑡
=

𝑑𝑆2

𝑑𝑡
=

𝑑𝑉

𝑑𝑡
=

𝑑𝐿

𝑑𝑡
=

𝑑𝐸

𝑑𝑡
=

𝑑𝐼

𝑑𝑡
=

𝑑𝑅

𝑑𝑡
= 0. There are two 

equilibrium points of the system (1), 

disease-free equilibrium and endemic 
equilibrium. By determining the solution 
of model (1) and substituting 𝐼 = 0, we 
obtain disease-free equilibrium below. 
𝐸0 = (𝑆0, 𝑉0, 𝐸0, 𝐿0, 𝐼0) 

      = (
𝑏𝑁(1−𝑢1)

𝜇+𝑢2
,
𝑏𝑁(𝜇𝑢1+𝑢2)

(𝜇+𝑢2)𝜇
, 0,0,0) (2) 

Moreover, the model (1) has the 
endemic equilibria 𝐸1 = (𝑆1, 𝑉1, 𝐸1, 𝐿1, 𝐼1), 
where: 

𝑆1 =
𝑏𝑁2(1−𝑢1)

(𝜇+𝑢2)𝑁+𝐼1𝛽
, 

𝑉1 =
𝑏((𝜇𝑢1+𝑢2)𝑁+𝑢1𝛽𝐼1)𝑁2

(𝜉𝛽𝐼1+𝜇𝑁)((𝜇+𝑢2)𝑁+𝛽𝐼1)
, 

𝐸1 =
(𝛾+𝜇)𝐼1

𝜅
, 

𝐿1 =
((1−𝑝)𝛾𝜅+𝛼(𝛾+𝜇))𝐼1

𝜅𝜇
, 

𝐼1 = 𝐼1. (3) 
The basic reproduction number (ℛ0) 

is the average occurrence of new cases by 
one infected individual in a population 
(Diekmann et al., 2010). ℛ0 is often 
considered a threshold value that 
determines whether a disease becomes 
endemic or not. According to Van Den 
Driessche & Watmough (2002), there are 
several possibilities ℛ0. If ℛ0 < 1, the 
infectious TB can only spread to an 
average of less than one person, then the 
TB disease will not spread. Otherwise, if 
ℛ0 > 1, the infectious TB can spread to an 
average of more than one person, then the 
disease will spread. 

In our model, we use the next-
generation matrix, denoted by 𝐾, 
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approach to compute ℛ0. Firstly, we 
linearized the infectious subsystem with 
the Jacobian matrix. Then, decomposed 
the Jacobian matrix to the transmission 
matrix 𝑇 and transition matrix Σ so that 
𝑇 + Σ. In model (1), there are three 
infectious states (𝐸, 𝐿, and 𝐼 ) and two 
uninfected states (𝑉 and 𝑆). from the 
linearized infection subsystem, we obtain 
the transmission matrix and transition 
material are, respectively, 

𝑇 = [
0 0

𝜉𝛽𝑉

𝑁
+

𝛽𝑆

𝑁

0 0 0
0 0 0

],    

Σ = [

−𝛼 − 𝜅 − 𝜇 0 𝑝𝛾

𝛼 −𝜇 (1 − 𝑝)𝛾
𝜅 0 −𝛾 − 𝜇

]. 

There are zero rows in the 
transmission matrix 𝑇 and the 
determinant of the matrix 𝐾 =
−𝐸1

′𝑇Σ−1𝐸1 = 0. Then, we use NGM with a 
small domain 𝐾𝑆 to compute ℛ0. To 
construct matrix 𝐾𝑆, we define matrix 𝑀 
whose rows are linearly independent 
vectors spanning the rows 𝑇, and matrix 𝐶 
whose columns are linearly independent 
vectors spanning the columns of  𝑇, so that 
𝑇 = 𝐶𝑀. 

𝑀 = [0 0 1],          𝐶 = [

𝜉𝛽𝑉

𝑁
+

𝛽𝑆

𝑁
0
0

] 

The NGM with small domain is given 
by, 
𝐾𝑆 = −𝑀Σ−1𝐶   

=

[
𝜅

(𝜇+(1−𝑝)𝜅+𝛼)𝛾+𝜇(𝜇+𝛼+𝜅)
(
𝑏𝜉𝛽(𝜇𝑢1+𝑢2)

(𝜇+𝑢2)𝜇
+

𝑏𝛽(1−𝑢1)

𝜇+𝑢2
)].  

By finding the dominant eigenvalue 
of matrix 𝐾𝑆, we get ℛ0 below. 

ℛ0 =
𝜅

(𝜇+(1−𝑝)𝜅+𝛼)𝛾+𝜇(𝜇+𝛼+𝜅)
.  

   (
𝑏𝜉𝛽(𝜇𝑢1+𝑢2)

(𝜇+𝑢2)𝜇
+

𝑏𝛽(1−𝑢1)

𝜇+𝑢2
)  (4) 

 
3.2 Local stability criteria of the equilibria 

The equilibrium point's stability can 
be determined based on the sign of the 
eigenvalues of the Jacobian matrix (𝐽), 

which is evaluated at the equilibrium 
point. From model (1), we obtained matrix 
Jacobian with ordo 5 × 5: 

𝐽 = [
𝐴 𝐵
𝐶 𝐷

]    (5)  

with 

𝐴 =

[
 
 
 
 −

𝜉𝛽𝐼

𝑁
− 𝜇 𝑢2 0

0 −𝑢2 −
𝛽𝐼

𝑁
− 𝜇 0

𝜉𝛽𝐼

𝑁

𝛽𝐼

𝑁
−𝛼 − 𝜅 − 𝜇]

 
 
 
 

 

, 

𝐵 =

[
 
 
 
 0 −

𝜉𝛽𝑉

𝑁

0 −
𝛽𝑆

𝑁

0
𝜉𝛽𝑉

𝑁
+

𝛽𝑆

𝑁
+ 𝑝𝛾]

 
 
 
 

, 

𝐶 = [
0 0 𝛼
0 0 𝜅

], 

𝐷 = [
−𝜇 (1 − 𝑝)𝛾
0 −𝛾 − 𝜇

]. 

From matrix (5), we obtained the 
characteristic polynomial of degree 5 in 
(6). 

(𝜆 + 𝜇)2(𝜆 + 𝜇 + 𝑢2) (∑𝑎𝑖𝜆
2−1

2

𝑖=0

)

= 0,   
 (6) 
with 
𝑎0 = 1, 
𝑎1 = 𝛾 + 𝛼 + 𝜅 + 2𝜇, 

𝑎2 =
(((1−𝑝)𝛾+𝜇)𝜅+(𝛾+𝜇)(𝜇+𝛼))𝑁−𝜅𝛽(𝜉𝑉+𝑆)

𝑁
. 

According to Brauer & Castillo-
ChavezCarlos (2012), the equilibrium 
point is asymptotically stable if the real 
part of all eigenvalues of the J matrix is 
negative. From the characteristic 
polynomial (6), we obtained the 
eigenvalues of matrix Jacobian (5) are −𝜇, 
−𝜇, −𝜇 − 𝑢2. To analyze the other 
eigenvalues, we use the Routh-Hurwitz 
criteria of two-degree polynomials. Based 
on the Routh-Hurwitz criteria. The 
polynomial characteristic of two-degree 
polynomials will obtain all negative 
eigenvalues if 𝑎1 > 0 and 𝑎2 > 0. Note 
that, 𝑎1 = 𝛾 + 𝛼 + 𝜅 + 2𝜇 > 0. To 
guarantee 𝑎2 > 0 will be positive, it should 
satisfy the following condition below.  
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(((1 − 𝑝)𝛾 + 𝜇)𝜅 + (𝛾 + 𝜇)(𝜇 + 𝛼))𝑁

𝜅𝛽(𝜉𝑉 + 𝑆)
> 1 

Because of the model (1) has three 
negative eigenvalues and the Routh-
Hurwitz stability criteria in the 
polynomial (6) is satisfied, the disease-
free equilibrium is locally stable. 

Local stability analysis of endemic 
equilibrium points was performed by 
analyzing the Jacobian matrix at its 
endemic points (𝐸𝐸). Due to the 
complexity of the system, to analyze the 
stability of endemic equilibrium is done 
numerically using the parameters in Table 
1., 𝜉 = 0,2, 𝑝 = 0,2, 𝑢1 = 0,2, and 𝑢2 = 0.1 
until endemic equilibrium is obtained 
(𝐸𝐸 =  (86,91,   651,46,   15,21,   244,95,
1,47)) such that ℛ0 = 1,29 > 1. 

From the Jacobian matrix, 
eigenvalues are obtained 𝜆1 = −0.01,
𝜆2  = −0.56, 𝜆3  = −0.12, 𝜆4 = −0.01 +
0.02𝐼, 𝜆5 = −0.01 − 0.02𝐼. Since the real 
part of all eigenvalues of the Jacobian 
matrix is negative, system (1) is locally 
stable in endemic conditions. 

NUMERICAL EXPERIMENT 

In numerical simulations, we discuss 
the sensitivity analysis of the parameters 
of the proportion of newborns and adults 
who were given vaccines (𝑢1 and 𝑢2) and 
the percentage of vaccines that did not 
protect humans (𝜉) to ℛ0. In addition, we 
also discuss the autonomous system with 
various scenarios.  

 
 
 

4.1 Sensitivity of vaccination and vaccine 
efficacy parameters to  ℛ0 

In Figure 2, we assumed that the 
percentage vaccine could not protect 
humans (𝜉) is 20%. When the vaccine is 
only given to newborns, 97,8% of 
newborns in the population must be 
vaccinated. Otherwise, if only adults that 
can be vaccinated, we must use a 65% 

vaccination proportion to reach disease-
free. 

 

Figure 2. Sensitivity of vaccination 
parameters 𝑢1 and 𝑢2 to ℛ0. 

 
In Figure 3, we assume that the 

vaccine is only given to newborns. It 
appears that the lower percentage vaccine 
cannot protect human, the population will 
lead to disease-free. The minimum 
proportion of vaccine efficacy cannot 
protect humans must be less than 21,8%.  
If vaccine have no protection, 78,3% of 
newborns in the population must be 
vaccinated. 

 

Figure 3. Sensitivity vaccination in 
newborns (𝑢1) and vaccine efficacy (𝜉) to 

ℛ0. 
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In Figure 4, we assumed that only 
adults are vaccinated. The minimum 
vaccine cannot protect humans is 20,6% to 
lead a disease-free state. If a vaccine 
cannot protect, a minimum of 5,1% adults 
in the population must be vaccinated.  

 

Figure 4. Sensitivity vaccination in adults 
(𝑢2) and vaccine efficacy (𝜉) to ℛ0. 

4.2 Simulation of the autonomous system 
Table 2. contains the initial values 

that used in the autonomous simulation. 

Table 2. Initial Values of The Model 

Variable state Initial Value 
𝑁 1000 
𝑆 650 
𝑉 0 
𝐸 200 
𝐿 100 
𝐼 150 

 
In the autonomic system, the effects 

of 𝑢1 and 𝑢2 are examined on infectious 
individuals during disease-free. We used 
three vaccination strategies: vaccination 
of newborns, adults, and both by selecting 
scenarios, as shown in table 3. 

Table 3. Scenario 𝑢1 and 𝑢2 to ℛ0 on 
disease-free. 

Scenario 𝒖𝟏 and 𝒖𝟐 𝓡𝟎 
𝑢1 = 1, 𝑢2 = 0 0,92 

𝑢1 = 0,5, 𝑢2 = 0,5 0,97 
𝑢1 = 0, 𝑢2 = 1 0,97 

 
From Figure 5, we can see that the 

highest infectious population occurs when 

the vaccine is only given to all newborns. 
When 50% of newborns and adults were 
vaccinated, there was a significant 
reduction in the number of infectious 
individuals. Furthermore, when only 
adults got the vaccine, the number of 
infectious individuals was lower than the 
other two strategies. 

 

Figure 5. The autonomous system to 
disease-free. 

 
In the second scenario, we used 

vaccination to newborns and adults 
during the disease-free and endemic 
conditions. The scenarios are shown in 
Table 4. 

Table 4. Scenario 𝑢1 and 𝑢2 to ℛ0 on 
disease-free and endemic condition. 

Scenario 𝒖𝟏 and 𝒖𝟐 𝓡𝟎 
𝑢1 = 0,1, 𝑢2 = 0,8 0,98 
𝑢1 = 0,8, 𝑢2 = 0,1 1,01 

 

Table 4 shows that when 𝑢1 and 𝑢2 
are 0,1 and 0,8, then ℛ0 < 1 is obtained, 
which means that the condition will be 
disease-free. On the other hand, when we 
use the proportion of 𝑢1 and 𝑢2 are 0,8 and 
0,1, we obtained ℛ0 > 1, which means the 
condition will be endemic. Using this 
scenario, we get the autonomous system 
in Figure 6. 

In Figure 6., it can be seen that the 
number of infectious populations will be 
reduced if the proportion of vaccination to 
adults is greater than that of newborns. 
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Based on this, it seems that vaccination in 
adults is more effective than in newborns. 

 

Figure 6. The autonomous system to 
disease-free and endemic. 

CONCLUSIONS AND SUGGESTIONS 

In this paper, we construct a 
mathematical model of TB with 
vaccination in controlling the spread of 
TB. Using the model, we analyzed the 
effect of vaccination on newborns and 
adults to reduce TB cases. From the 
numerical experiment, we can conclude 
that the lower the percentage of vaccines 
that cannot protect a human, the more 
likely it is to be disease-free. If the 
percentage vaccine could not protect 
humans (𝜉) is 20%, more than 97,8% of 
newborns or 65% of adults in the 
population must be vaccinated. 
Furthermore, vaccination in adults is more 
effective than in newborns. Vaccination in 
adults can reduce the infectious 
population (𝐼) more than vaccination to 
newborns. 
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