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 Geometry is one of the particular problems for students. Therefore, 
several methods have been developed to attract students to learn 
geometry. For undergraduate students, learning geometry through 
surface visualization is introduced. One topic is studying 
parametric curves called the hypocycloid curve. This paper 
presents the generalization of the hypocycloid curve. The curve is 
known in calculus and usually is not studied further. Therefore, the 
research's novelty is introducing the spherical coordinate to the 
equation to obtain new surfaces. Initially, two parameters are 
indicating the radius of 2 circles governing the curves in the 
hypocycloid equations. The generalization idea here means that the 
physical meaning of parameters is not considered allowing any real 
numbers, including negative values. Hence, many new curves are 
observed infinitely. After implementing the spherical coordinates 
to the equations and varying the parameters, various surfaces had 
been obtained. Additionally, the differential operator was also 
implemented to have several other new curves and surfaces. The 
obtained surfaces are useful for learning by creating ornaments. 
Some examples of ornaments are presented in this paper.  

http://ejournal.radenintan.ac.id/index.php/desimal/index 

 

INTRODUCTION 

Geometry is one of the common 
problems in mathematics education 
(Colette, 2015). Therefore, the method to 
introduce geometry material to students is 
one of the researchers' focuses. For 
example, the researchers presented the 
material to the eighth-grade students 
using puppets with geometric shapes 
(Yilmazer & Keklikci, 2015) or using 
visualization to illustrate functions 
(Makonye, 2014). Likewise, another 

learning geometry approach is 
materializing the topics (Serin, 2018; 
Wierzchon & Klopotek, 2018). Various 
efforts to learn geometry show that 
visualization is the standard method 
(Baiduri et al., 2020; Bråting & Pejlare, 
2008; Claudia et al., 2015; Presmeg, 2006). 
Visualization technique is necessary 
where computers have become standard 
tools these days. In higher education, some 
software, such as Computer-Aided Design 
(CAD), is used to visualize geometry in a 
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freer form complete with the 
mathematical operation, for example, 
orthogonalization (Kwanghee & Takis, 
2014; Theodore, 2016). Therefore, this 
research focused on geometric 
visualization, especially in forming curve 
extension surfaces with spherical 
coordinate transformations. This 
research's novelty was the curve 
equations (the hypocycloid) that can be 
extended to a surface. To increase the 
variation of the surface, the surfaces’ 
differential operator equations are also 
shown. The hypocycloid curve equation is 
a parametric equation that states the 
curve resulting from the intersection of a 
circle around a larger circle. By applying a 
spherical coordinate transformation, an 
expansion produces new forms that have 
never been found in other literature.  
The Spherical Coordinate Surfaces 
Formation  

Cylindrical and spherical 
coordinates are generally introduced to 
students in calculus courses at the 
undergraduate level. These coordinate 
systems are introduced classically by 
providing an example of how a Cartesian 
coordinate is expressed in cylindrical or 
spherical coordinates, and vice versa. In 
such material, it is unknown how the 
coordinate systems construct a surface 
from existing parametric surfaces other 
than the spherical surface formed from the 
parametric equation for circles. Likewise, 
it is unknown how to modify a surface to 
become a new surface using other 
mathematical operators, such as the 
differential or derivative. If it is a 
derivative function, a surface can be 
obtained from the derivative of the surface 
or the curve's derivative extended by 
spherical coordinates. It has not been 
widely introduced in mathematics or 
calculus. 

Points in space, apart from Cartesian 
coordinates, can also be expressed in 
cylindrical or spherical coordinates. The 
cylindrical coordinates are appropriate for 

the radial direction where the z-axis is 
constant. On the other hand, for all 
directional points, the more appropriate is 
the spherical coordinates. This is rarely a 
concern in calculus lessons when the two 
coordinate systems are introduced apart 
from introducing formulas and examples 
of related problems. For this reason, this 
article showed the creativity of using the 
spatial coordinate system to construct 
surfaces. This research describes how the 
parametric curve equation is extended to 
become a surface using the spherical 
coordinate system.  

RESEARCH METHOD  

Curve and surface formation are 
widely studied in Computer-Aided Design 
(Miura & Gobithaasan, 2014). However, 
the Betzier curve is not recognized in 
mathematics learning at the 
undergraduate level, where the Betzier 
curve has also been expanded to become a 
surface (Han et al., 2008). However, the 
Betzier and B-spline curves (Zhou et al., 
2020) are not used. In this research, the 
hypocycloid curves were transformed by 
spherical coordinates.  
 
Spherical Coordinates  

 
Figure 1. Spherical Coordinate System 

 
Figure 1 displays the basic shape of 

the spherical coordinate system. Based on 
Figure 1, any point P (x, y, z) written in 
Cartesian are transformed into cylindrical 
coordinates: 
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 cosrx = ; sinry = ; zz = ;         (1.a)

22 yxr +=  ; ( ).2,0,0  r           (1.b) 

Based on Figure 1, the angle of  can 
be obtained using the following 
relationship:   

x

y
=tan    ; .tan 1









= −

x

y
  

In spherical coordinates, any point P (x, y, 
z) in Cartesian coordinates can be written 
as follows:  

 cossin=x ;  sinsin=y

 cos=z ; 222 zyx ++=
  (1.c) 

( ) ( ) ,0  and,2,0,0   (1.d) 

The order of writing a point in each 
coordinate system needs to be focused. 
For Cartesian coordinates, the order is P 
(x, y, z). In the cylindrical coordinate 
system, the order is written as 𝑃(𝑟, 𝜃, 𝑧), 
while in spherical coordinates, the order is 
written as 𝑃(𝑟, 𝜃, 𝜑). In this research, the 
spherical coordinate equation was used to 
construct a surface where the plane's 
surface projection was known. This is 
shown in this paper where 2-dimensional 
parametric equations are mapped into 3-
dimensional parametric equations. 
 
The Expansion of Hypocycloid 
Parametric Equations  

Several parametric equations had 
been collected in the literature, some of 
which constructed parametric equations 
in different forms (Schlichtkrull, 2011).  

The hypocycloid parametric equation is 
an equation where the curve is formed 
from the tangent's path inside the larger 
circle. The paths consisted of various 
curve shapes. If the larger circle has a unit 
radius and the smaller circle has a b unit 
radius (a> b), then the classical 
hypocycloid equation has been defined in 
the literature. However, in this research, 
this equation is expanded by ignoring the 
physical meaning of the values a and b. 
Thus, the values can be negative, can be 
the same, or even have irrational 
numbers. By ignoring the physical sign 
and the meaning, the expanded 
hypocycloid equation can be written as:  

( ) 






 +
++= 

b

ba
bbax coscos  ; (2.a) 

( ) 






 +
++= 

b

ba
bbay cossin ; (2.b) 

With    
b=-p/q ,  p20  ,  0 .   (2.c) 

This equation has been used in 
several studies to produce curves created 
into innovative products such as 
ornaments, accessories, and batik designs 
(Parhusip, 2015, 2014). This article 
showed the variations of the parameters a 
and b using the cylindrical and spherical 
transformations where several innovative 
surfaces can be formed. Figure 2 shows an 
example of a curve shape where the curve 
parameters are 𝑎 = 1, 𝑏 = −𝑝/𝑞 where 
𝑝 = 1 and 𝑞 =  4, 0 ≤ 𝜃 ≤ 2𝑝𝜋, 0 ≤ 𝜑 ≤
𝜋. 
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Figure 2. Curve Modification of the Hypocycloid Equation (1.a) - (1.c) with 𝑎 = 1, 𝑏 =
𝑝 / 𝑞 where 𝑝 =  1 and 𝑞 = 4, 0 ≤ 𝜃 ≤ 2𝑝𝜋, 0 ≤ 𝜑 ≤ 𝜋. 

   
 
In calculus, the derivative of a 

function can be formed while the 
derivative of a surface is not yet 
introduced. The derivative of equation 
(2.a) - (2.b) can be arranged into 
derivative of the curve from equation (1.a) 
- (1.b) 

( ) ( ) 






 +
+−+−= 

b

ba
babbaxd sinsin    (3.a) 

( ) 






 +
+++= 

b

ba
babbayd cos)(cos         (3.b) 

One of the curves is shown in Figure 2.  
 

 

 
 

Figure 2. The Modification of Hypocycloid Curve Equation (3A) - (3b) with 𝑎 = 1, 𝑏 =
𝑝 / 𝑞 where 𝑝 =  1 and 𝑞 = 4, 0 ≤ 𝜃 ≤ 2𝑝𝜋, 0 ≤ 𝜑 ≤ 𝜋. 
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Figure 2 shows that the curve 
intersects itself at point (0, 0). This 
equation was then extended to be a 
surface using spherical coordinates.  
 
Derivative Operator on a Modified 
Hypocycloid Curve  

It is known that a function curve for 
sine, cosine, and others can be derived 
from the function. Similarly, derivative 
operators can also be applied to the new 
curves and surfaces. Surface formation as 
a new educational geometric medium 
assisted by technology has been done by 
other researchers (Sinclair et al., 2017). 
 

RESULTS AND DISCUSSION  

3D Hypocycloid Surface  
In previous studies, the curve 

expansion of a parametric curve had been 
mapped using a complex function 
(Parhusip, 2014). The curve obtained was 
extended to the surface. Curves and 
surfaces can be utilized as various objects 
of modern geometry learning media. The 
objects' geometric shapes are no longer in 
the form of classical mathematical 
geometries, such as spheres, cylinders, 
and squares. New surface images are 
expressed in puzzles, batik motifs, and 
motifs on souvenirs (glasses and bags) 
(Parhusip, 2015). The formation of the 
curve into a surface was further developed 
by considering some special parametric 
curves. An existing classic example is 
when the spherical coordinates transform 
an inner circular parametric curve to 

obtain a spherical surface. An asteroid 
curve can be obtained with a similar idea, 
namely 𝑥2/3 + 𝑦2/3 = 𝑎2/3, which then 
expanded into a surface. This equation is 
written in parametric form and then 
subjected to a spherical coordinate 
transformation so that the asteroid's 
surface is obtained in 3-dimensional form. 
Similarly, a 3D hypocycloid surface can be 
made from a modified hypocycloid 
equation extended into 3D. The idea of this 
formation was based on the analogy of 
arranging a circle equation to be the 
surface of a sphere to which the equation 
is extended. Similarly, the 2D parametric 
equation can be extended by using the 
spherical equation (1.c-1.d), for example 
the pair of points in equations (2.a) - (2.b) 

or (3.a) and (3 .b) is a pair of . 
Hence, the general surface formation is as 
follows: 

 sin)(xxS =  sin)(yyS =             
 (4.a) 

22

SS yxr +=
    (4.b) 




sin

r
= ;  cos=z , 0 .  (4.c) 

Likewise, the differential operator can 
form a new surface where the curve or 
surface's derivative can be shown.  By using 
points (2.a) - (2.b) extended to the surface 
with the spherical coordinates of equation 
(4.a) - (4.c), the 3D surface can be obtained, 
as shown in Figure 3. Similarly, this step can 
be followed by using equation (3.a) - (3.b) in 
equation (4.a) - (4.c). 
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Figure 4. Surface Extension of the Hypocycloid Equation n (2.a) - (2.c) where 𝑎 = 1, 𝑏 =

−𝑝 / 𝑞 where 𝑝 =  1 and 𝑞 = 4, 0 ≤ 𝜃 ≤ 2𝑝𝜋, 0 ≤ 𝜑 ≤ 𝜋. 
 

 

 
Figure 5. The Hypocycloid Modified Surface of (2.a) - (2B) with 𝑎 = 1, 𝑏 = 𝑝 / 𝑞 where 𝑝 =

 1 and 𝑞 = 4, 0 ≤ 𝜃 ≤ 2𝑝𝜋, 0 ≤ 𝜑 ≤ 𝜋. 
 

Hypocycloid Derivative Surface  
The derivative surface can be obtained 

by preparing a derivative which contains a 
parameter:  

(). . The derivative can be arranged as 
follows:  

(i) The derivative of  

  (5..a) 

;  (5.b) 

.   (5.c) 

(ii) The derivative of   
New Surface can also be obtained through 
the derivative of equations (4.a) - (4.b) by 

considering the : 

;   (6.a) 

;   (6.b) 
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; (6.c)  

; ,. (6.d)  

Note that  and  were the functions 

of . Therefore, z had the same formula, and 
some innovations can be made using the 
same z value. The example of equation (6.a) 
- (6.d) is illustrated in Figure 6.  

 

 
 

Figure 6. The Illustration of a Surface with Equation (6.a) - (6.d) with 𝑎 = 1, 𝑏 = −𝑝 / 𝑞 
where 𝑝 =  1 and 𝑞 = 4, 0 ≤ 𝜃 ≤ 2𝑝𝜋, 0 ≤ 𝜑 ≤ 𝜋. 

 
 

Further Surface Innovation 
Having obtained surface formulations, 

a hybrid surface can also be arranged with 

ease. By symbolizing into the surface 
equation, several surface innovations can be 

formed, namely: 

(i) (
𝜕𝑥𝑑,𝑆

𝜕𝜃
,

𝜕𝑦𝑑,𝑆

𝜕𝜃
,

𝑑𝑧

𝑑∅
) 

(ii) (
𝜕𝑥𝑆

𝜕∅
,

𝜕𝑦𝑑,𝑆

𝜕𝜃
, 𝑧) 

in transparent color. 

 
 
 
 



Desimal, 4 (1), 2021 - 8 

Hanna Arini Parhusip, Hindriyanto Dwi Purnomo, Didit Budi Nugroho, Istiarsi Saptuti Sri 
Kawuryan 

Copyright © 2021, Desimal, Print ISSN: 2613-9073, Online ISSN: 2613-9081 

 
Figure 7. The Illustration of    

with 𝑎 = 1, 𝑏 = −𝑝 / 𝑞 where 𝑝 =  1 and 𝑞 = 4, 0 ≤ 𝜃 ≤ 2𝑝𝜋, 0 ≤ 𝜑 ≤ 𝜋. 
 

 

Figure 8. The Illustration of (
𝜕𝑥𝑑,𝑆

𝜕𝜃
,

𝜕𝑦𝑑,𝑆

𝜕𝜃
,

𝑑𝑧

𝑑∅
) 
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Figure 9. The Illustration of (
𝜕𝑥𝑆

𝜕∅
,

𝜕𝑦𝑆

𝜕𝜃
, 𝑧) 

 
 

Surface Utilization for Ornament  
The previous section shows the 

surface formed from an extended 
hypocycloid curve with various parameters 
and differential operators. The following 
shows how the surface becomes several 

ornaments and even into a specific useful 
form design. Figure 10 shows one of the 
results of the second derivative surface of 
the hypocycloid surface. This surface 
becomes the hair extension design, as shown 
in Figure 11.  

 

 
 

Figure 10. The Illustration of the 2nd derivative of the surface (top) and the hair extension 
ornament (bottom) using equation (6.a) - (6.d) with 𝑎 = 1, 𝑏 = 𝑝 / 𝑞 where 𝑝 =  1 and 

𝑞 = 4, 0 ≤ 𝜃 ≤ 2𝑝𝜋, 0 ≤ 𝜑 ≤ 𝜋. 
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Likewise, other surfaces-shaped ornaments can be obtained using other parameters.  
 

 

 
Figure 11. The Illustration of the 2nd derivative of the surface (top) and hair extension 

ornaments (bottom) using equation (6.a) - (6.d) with 𝑎 = 1 where 𝑝 =  1 and 𝑞 = 6, 0 ≤
𝜃 ≤ 2𝑝𝜋, 0 ≤ 𝜑 ≤ 𝜋. 

 

Other creations had also been 
created but are not shown in this paper. 
Several other geometry learning media were 
made using other approaches with the same 
goal: to provide innovative geometry 
learning media (Parhusip & Susanto, 
2018).   

CONCLUSION AND SUGGESTION 

In this research, hypocycloid 
expansion curves can be transformed into 
surfaces through spherical coordinates. 
The two parameters in the original 
equation represent the radii of the two 
different circles. The two parameters 
were free, which means that they can also 
be negative; therefore, various curves had 
been obtained. Furthermore, the obtained 

curves and surfaces can be searched using 
derivative equations to obtain new curved 
forms and surfaces. This shows the 
benefits of the derivative operator toward 
the surface.  

After the surface shapes had been 
obtained, they can be used as puzzle 
models for students. The students can 
study the derivative operators of a 
surface, which are usually only 
introduced to a function or equation. 
Likewise, surface shapes can be 
introduced as new motifs in batik designs, 
as done using algebraic surfaces 
(Parhusip, 2018).  
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